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Abstract. In this paper, we study deformations of coisotropic submanifolds 
in a symplectic manifold. First we derive the equation that governs C°° defor- 
mations of coisotropic submanifolds and define the corresponding C°°-moduli 
space of coisotropic submanifolds modulo the Hamiltonian isotopies. This is a 
non-commutative and non-linear generalization of the well-known description 
of the local deformation space of Lagrangian submanifolds as the set of graphs 
of closed one forms in the Darboux-Weinstein chart of a given Lagrangian 
submanifold. We then introduce the notion of strong homotopy Lie algebroid 
(or Lea -algebroid) and associate a canonical isomorphism class of strong ho- 
motopy Lie algebroids to each pre-symplectic manifold {Y, lu) and identify the 
formal deformation space of coisotropic embeddings into a symplectic mani- 
fold in terms of this strong homotopy Lie algebroid. The formal moduli space 
then is provided by the gauge equivalence classes of solutions of a version of 
the Maurer-Cartan equation (or the master equation) of the strong homotopy 
Lie algebroid, and plays the role of the classical part of the moduli space of 
quantum deformation space of coisotropic A-branes. We provide a criterion for 
the unobstructedness of the deformation problem and analyze a family of ex- 
amples that illustrates that this deformation problem is obstructed in general 
and heavily depends on the geometry and dynamics of the null foliation. 
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1. Introduction 

The well-known Darboux-Weinstein theorem [Wei] states that a neighborhood 
of any Lagrangian submanifold L of any symplectic manifold (X, ojx) (with real di- 
mensions 2n) is diffeomorphic to a neighborhood of the zero section of the cotangent 
bundle T*L with the standard symplectic form 

n 

uj = -de, d = ^pdq' (1.1) 

i=l 

where 9 is the canonical one form defined by 

0p(O=p(r7r(C)) 

for p e T*L, ^ e Tp{T*L) and tt : T*L L is the canonical projection. Further- 
more it is also well-known that for any section a : L — s- T*L of T*L, i.e., for any 
one form a on L, we have the identity 

a*0^a. (1.2) 

From this it follows that any Lagrangian submanifold C^-close to the zero section 
is the graph of a closed one form. And two such Lagrangian graphs of a and a' are 
Hamiltonian isotopic if and only if a — a' = dP, i.e, exact. Therefore the (local) 
moduli space near the given Lagrangian submanifold L C (X^lox) is diffeomorphic 
to a neighborhood of £ H^{L;M.). In particular the local moduli problem of the 
Lagrangian submanifold up to Hamiltonian isotopy is linear and commutative. It 
depends only on the manifold L but is independent of where the abstract manifold 
L is embedded into as a Lagrangian submanifold. 

The main purpose of the present paper is to describe the moduli space of 
coisotropic submanifolds modulo the Hamiltonian isotopy in a symplectic mani- 
fold, and its formal counterpart. Recall that a submanifold i : Y ^ {X,ujx) is 
called coisotropic if the symplectic orthogonal {TY)'^ satisfies 

(TY)'^ C TY 

and has constant rank. Then the pull-back lu — i*ujx is a closed two form with 
constant rank 2k on Y. Such a pair (Y,lu) in general is called a pre- symplectic 
manifold. Gotay [Go] proved that any given pre-symplectic manifold [Y, u) can 
be embedded into a symplectic manifold {X, ux ) as a coisotropic submanifold so 
that i*LOx = ^- Furthermore the neighborhoods of any two such embeddings are 
diffeomorphic regardless of {X^lox)- In fact, a neighborhood of any coisotropic 
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submanifold Y C {X, uox ) is locally diffeomorphic to a neighborhood of the zero 
section oe* = F of the bundle 

E* {TYY C TY 

with a symplectic form uje* defined in the neighborhood. One drawback of Gotay's 
theorem [Go] is that it does not provide the symplectic form oje- explicitly. This 
hindered our study of the current deformation problem in the beginning. We would 
like to recall that in the Lagrangian case we have the explicit canonical symplectic 
form u)x = —d9 on the model space T*L which enables one to study the moduli 
problem explicitly. See section 3 for more comments on this point. 

We first note that E = T!F is the tangent bundle of the null foliation of {Y, uj) 
and so E* is the cotangent bundle T*T of the foliation T . Then we introduce an 
explicitly given one form Qq on T*T which is the analogue to the canonical one form 
Q on the cotangent bundle of the manifold. This one form will, however, depend on 
the choice of the splitting 

TY = G®E. 

This splitting can be regarded as a "connection" of the "i?-bundle" TY Y j ^ 
where Y j ~ is the space of leaves of the null foliation of Y . Using this one form Qq 
we will write down the explicit symplectic form cj^* in terms of (y, lo) and Bq. And 
then we will write down the defining equation for a section s of tt : i?* — > y whose 
graph is to be coisotropic in {E*,uje*) (in a neighborhood of the zero section). The 
moduli problem for this general coisotropic case is non- commutative and fully non- 
linear. The moduli problem becomes trivial when the foliation is one dimensional 
(i.e., the case of hypersurfaces) and becomes quadratic when the null-foliation also 
allows a transverse foliation. The moduli problem up to Hamiltonian isotropy is 
obstructed in general. 

In fact, it turns out that the equation for the formal moduli problem involves 
the structure of a strong homotopy Lie-algebra 

(f^-(^),m), 

where m = {milf^^, := (BiIqT{A^{E*)): In general, we call a Lie algebroid 

E Y a, strong homotopy Lie algebroid if its associated graded group Q*[E) := 
(BT{A^{E*)) has the structure of strong homotopy Lie algebra (or Loo-algebra) 
where A^{E*) is the set of wedge product of E* so that tni is the i5-differential 
induced by the Lie algebroid structure on E Y. In our case, tUi is the leafwise 
differential associated to the null foliation and m2 = {•, •} a (graded) bilinear map, 
which is an analog to a Poisson bracket but not satisfying the Jacobi identity whose 
failure is then measured by and so on. We refer to later sections, especially 
section El for precise details. 

The main purpose of the present paper is to unravel the geometric and alge- 
braic structures that govern the deformation problem of coisotropic submanifolds. 
It turns out that even setting up the proper framework for the study of this defor- 
mation problem requires definitions of many new geometric notions which have not 
appeared in the literature before, as far as we know. We have discovered them first 
via tensor calculations using coordinates and then associated the relevant geometric 
structures to them. Partly because of this and also because the coordinate calcu- 
lations are better suited for the super-calculus in the Batalin-Vilkovisky formalism 
as outlined in the appendix, we prefer to carry out the coordinate calculations first 
and then provide the corresponding invariant descriptions. However the latter can 
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be done only after one develops an appropriate invariant calculus in the properly 
formulated geometric framework. It appears that a full systematic study of those 
should be a theme of separate study which is not our main interest in the present 
paper. In the present paper, we refrain from developing the full invariant calculus, 
but carry out only those essential for a self-contained description of our deforma- 
tion problem of coisotropic submanifolds. A more thorough study of the invariant 
calculus in the context of general foliation theory will be made elsewhere. 

The present work is a mathematical spin-off of our paper [OP] in preparation in 
which we provide an off-shell description of topological open/closed A-strings and 
A-branes on symplectic manifold ( "bulk" ) . In [OP] , we have derived in the natu- 
ral framework of the Batalin-Vilkovisky formalism that the set of A-branes of the 
topological open cr-model on the symplectic manifold is the set of coisotropic sub- 
manifolds (at least the bosonic part thereof), which we also outline in the appendix 
of the present paper. A possible significance of coisotropic brancs in homological 
mirror symmetry was first observed by Kapustin and Orlov [KaOr] . After this pa- 
per was originally submitted and circulated, a paper [CF2] by Catteneo and Felder 
has appeared in which a similar discussion on the role of coisotropic submanifolds 
in the context of Poisson manifolds is carried out in a same spirit to ours given in 
Appendix in relation to the open string cr-model. There has also appeared a paper 
[R] by W.-D. Ruan in which Ruan studies a deformation problem of a restricted 
class of coisotropic submanifolds which he calls integral coisotropic submanifolds : 
a coisotropic submanifold Y C {X, u) is said to be integral if its associated null 
foliation is defined by a smooth fibration tt : y — > 5 over a smooth (Hausdorff) 
manifold S. He proved that deformations inside the class of integral coisotropic 
submanifolds are unobstructed and the moduli space thereof modulo Hamiltonian 
diffeomorphisms is smooth and finite dimensional [R]. 

This research was initiated while both authors were visiting the Korea Institute 
for Advanced Study in the winter of 2002. We thank KIAS for its financial support 
and excellent research environment. The first named author thanks M. Zambon for 
explaining the example mentioned in section 1111 in an IPAM conference in April, 
2003 and for asking some questions on the preliminary version of this paper. He 
himself independently studied neighborhoods of coisotropic submanifolds [Za] and 
found an example of a coisotropic submanifold which illustrates the fact that en- 
close coisotropic submanifolds of the same nullity do not form a Frechet manifold 
in general. 

The second named author thanks the mathematics department of POSTECH, 
especially to his host B. Kim, for the financial support and excellent research en- 
vironment, and to the mathematics department of University of the Wisconsin- 
Madison for its hospitality during his visit. We also thank J. Stasheff for some 
historical comments on the Loo-structure and the Gerstenhaber bracket, and I. 
Vaisman for attracting our attention to his paper [V] after the paper was sub- 
mitted. The first named author also thanks N. Kieserman for pointing out and 
correcting some inaccuracy in our coordinate calculations. Last, but not least, we 
are very much indebted to the referees for making many valuable suggestions and 
corrections which have led to much improvement and clarification of the contents 
and presentation of the paper. 
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2. Geometry of coisotropic Grassmanians 

111 this section, we will summarize some linear algebraic facts on the coisotropic 
subspace C (with real dimensions n + k where < A: < n) in C" with respect 
to the standard symplectic form ui = wo,n- We denote by C"^ the w-orthogonal 
complement of C in M^" and by Ffc the set of coisotropic subspaces of (ffi^", w). In 
other words, 

Tfe = Tk(M.^",uj) =: {C e Gr„+fe(M2») | C"^ c C}. (2.1) 
From the definition, we have the canonical flag, 

C C"^ C C C M^" 

for any coisotropic subspace. We call (C, C"^) a coisotropic pair. Combining this 
with the standard complex structure on M^" = C", we have the splitting 

C = Hc®C'^ (2.2) 

where He is the complex subspace of C. 

Proposition 2.1. Let < k <n be fixed. The unitary group U{n) acts transitively 

on F/; . The corresponding homogeneous .space is given by 

Fft ^ U{n)/U{k) X 0{n - k) (2.3) 

where U {k) x 0{n — k) C U{n) is the isotropy group of the coisotropic subspace 
C*^ ® M"~'= C C" . In particular we have 

J- -r. /Tn,2n ^ (n + 3fc + 1) (n - fc) 

dimrfe(R2",a;) = ^ 

Proof. Let C C C" be a coisotropic subspace with rank 2fc and be its null space. 
Since C C, it follows 

5(C,zC") =0, 
where g is the Euclidean inner product. Now if we write 

Hc = {xGC\g{x,C'^)=0}, 

then He is the Hermitian orthogonal complement of which is a complex sub- 
space. Similarly C"^ ® zC" is also a complex subspace. Therefore we have obtained 
the Hermitian orthogonal decomposition 

C" = i?c®(C"®iC"). 

It then follows that there is a unitary matrix A € U{n) such that C = A ■ (C*' ® 

R"^*^). This proves that U{n) acts transitively on Ffe. Now it is enough to show 
that the isotropy group of C'' © R"-'= is U{k) X 0{n - fc) C U{n) which is obvious. 
This proves the proposition. □ 

Next we give a parametrization of all the coisotropic subspaces near given C G 
Ffc. Up to the unitary change of coordinates we may assume that C is the canonical 
model 

We denote the (Euclidean) orthogonal complement of C by ~ zM"^'^ which is 
canonically isomorphic to (C")* via the isomorphism uj : (C")*. Then any 

nearby subspace of dimension dim C that is transverse to can be written as the 
graph of the linear map 

A-.C^C-^^ (C^)* 
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i.e., has the form 

Ca := {(x, Ax) e C ® = I X € C}. (2.4) 
Denote A = Ah ® Ai where 

Ah ■■ B = ^ -^si (C")*, 
A/ : C"^ = ^ = (C"^)*. 
Note that the symplectic form w induce the canonical isomorphism 

With this identification, the symplectic form lo has the form 



i=l 



7r*wo,fc + ^ rfa;^ A dy\ (2.5) 



where tt : C" ^ C is the projection and (xi, • • • ^Xn-u) the standard coordinates 
of M"^*^ and (j/^, • • • ,y"^''') its dual coordinates of (M"^*^)*. We also denote by 
TT/f : (C*^)* C*^ the inverse of the above mentioned canonical isomorphism 2^. 
Then we have the following 

Proposition 2.2. The subspace Ca is coisotropic if and only if Ah and Aj satisfies 

Ai-iAi)* +AHnH{AHy ^0. (2.6) 

Proof. We need to study under what conditions on Ah and Aj, the relation (Ca)'^ C 
Ca holds and vice versa. Let (Cff,6,C|) e (C^)" C C" = C'^ ® ^R"-^ i.e, 

let 

c^((i;h, z;/, A(«H, V/)), {^H,^i,Ci)) = (2.7) 
for all {vh, vj) e C'^©M"~'^. It follows from (|2.7|) and from the above identifications, 
we have 

= oj{vH,U) + MvH,vi){^i)-Ci{vi) 

= toivH,iH) + iAH{vHm) + Aiivi)i^i))-Ci{vi) (2.8) 
for all Vh, vj. Substituting vj — we get 

io{vH,^H) + AH{vH){^l) = Q (2.9) 

for all Vh G C^. With the above identification, we derive 

~i:j^{^H){vH) + A*H{O)ivH)^0 

for all Vh £ C^- Therefore we derive 

^h=7ThA*h{^i). (2.10) 
And substituting vh = 0, we derive 

Ai{vi){^i)~Ciivi) = 

for all VI e M"^*^ and hence 

A}(e,)=e|. (2.11) 
Therefore it follows from (|2.1Q(I and H2.11(l that Ca is coisotropic if and only if 

A*j{0) = A{nHA*H{^i),^i) = AH®Ai{nHA*H{^i),^i) (2.12) 
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for all ^7. The latter becomes 

which finishes the proof. □ 

Remark 2.1. Note that when fc = 0, this reduces to the standard parametrization 
of Lagrangian subspaces by the set of symmetric matrices. 

3. Canonical symplectic neighborhoods 

We first recall some basic properties of coisotropic submanifolds and the coisotropic 
neighborhood theorem [Go] . We will mostly adopt the notations used in [Go] . First 
(TK)" :— E defines a distribution, the so called characteristic distribution on Y 
which is integrable since u is closed. We call the corresponding foliation the null 
foliation on Y and denote it by T . The null foliation carries a natural transverse 
symplectic form but the space of leaves may not be a Hausdorff space in general. 
This space of leaves provides a symplectic invariant of coisotropic submanifolds 
up to the Hamiltonian isotopy, or equivalently an invariant of the pre-symplectic 
manifold {Y,uj). We refer to the next section for the detailed description of the 
geometry of null foliation. 

We now consider the dual bundle tt : E* ^ Y oi E. The bundle TE*\y where 
Y <Z E* \s the zero section of E* carries the canonical decomposition 

TE*\y = TY ®E*. 

It is easy to check that the canonical isomorphism 

5 : ^ T*X 

maps TY'^ to the conormal N*Y C T*X, and induces an isomorphism between 
NY = TX/TY and E*. In the standard notation in the fohation theory, E and E* 
are denoted by TT and T*T and called the tangent bundle (respectively cotangent 
bundle) of the foliation T. 

Following Gotay [Go] , we choose a splitting 

TY = G®E, E^{TYY. (3.1) 

Using this splitting, we can write a symplectic form on a neighborhood of the zero 
section Y ^ E* in the following way (see [V]). We denote by 

PG-.TY^E 

the projection to E along G in the splitting H3.1|l . We have the bundle map 

Let a e E* and ^ £ TaE* . We define the one form Oq on E* by its value 

^G,a(^) :=a(pG°T^(0) (3-2) 
at each a ^ E*. Then we define the closed (indeed exact) two form on E* by 

-d9G. 

It is easy to see that the closed two form 

uje' '■— T^*^ — dOc (3-3) 

is non-degenerate in a neighborhood U (Z E* oi the zero section (See the coordinate 
expression (|6.6f) of dOc and uoij)- We denote the restriction of lue- by lujj. Then the 
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pair {U, uju) provides an explicit normal form of the symplectic neighborhood of 
the pair {Y, ui) which depends only on {Y, oj) and the splitting By Weinstein's 

uniqueness theorem [Wei], this normal form is unique up to diffeomorphism. We 
call the pair [U,0Ju) a (canonical) symplectic thickening oi the pre-symplectic man- 
ifold {Y,u!y)- We refer to Corollary |0] for the precise statement on the uniqueness. 
Here is the coisotropic analog to (1.2) whose proof we omit. 

Lemma 3.1. For any section of s -.Y ^ U C E* , we have the identity 

where p*Q : E* T*Y is the adjoint to the projection pQ : TY E. 

We next introduce morphisms between pre-symplectic manifolds and automor- 
phisms of {Y^ijj). 

Definition 3.1. Let {Y^oj) and {Y\uj') be two pre-symplectic manifolds. A diffeo- 
morphism (/) : y — !■ y is called pre-symplectic if — lo. 

Lemma |3. II immediately implies the following 

Corollary 3.2. Suppose that the graph i : Graph s ^ U of a section s : Y —f U is 
a coisotropic submanifold i.e., i*ijJu induces a pre-symplectic structure. Then the 
map s : {Y^uj) — > {Graphs, i*LL}ir) is a pre-symplectic diffeomorphism if and only if 
PqS defines a closed one form on Y . 

Proof. We first note that 

s*{i*uju) — s*{u!u) = s*Tr*uj — s*{d0G) = uj — ds*0G = uj — d{p*Qs). (3.4) 

The corollary immediately follows from this. □ 

We would like to emphasize that unlike Lagrangian submanifolds for which there 
is no intrinsic structure, coisotropic submanifolds carry an intrinsic geometric struc- 
ture, the pre-symplectic form lo. Therefore the hypothesis in this corollary is not an 
automatic proposition even when PqS is a closed one form on Y . In the next several 
sections, we will provide a description of the condition under which the graph of 
s -.Y ^ U becomes coisotropic. 

However, (13.411 shows that up to a diffeomorphism soi -.Y ^ Graph(s), the pre- 
symplectic form of any nearby coisotropic submanifold is cohomologous to the given 
LO ox\Y . Therefore all the pre-symplectic structures that occur in the study of local 
deformations of a coisotropic submanifold is special in that they are cohomologous 
to one another up to the pull-back by diffeomorphisms. 

The following question seems to be an interesting nontrivial question to ask in 
general. 

Question 3.2. Let {Y,uj), (Y,uj') be pre-symplectic structures of the same rank 
such that 

[lo]=^[lo'] in H^{Y,m), 

i.e., lo' ~ LO ^ dO for some one form on Y . Suppose that 9 is sufficiently C°° small. 
Are they diffeoniorphic or can they be connected by an isotopy of pre-symplectic 
forms of constant rank? This question is closely related to the question whether 
the set of coisotropic submanifolds of constant rank is locally path-connected (see 
[Za]). 
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Definition 3.3. Let {Y,uj) be a pre-symplectic manifold. A vector field ^ on F is 
called or locally pre-Hamiltonian if C^{uj) = d{^\uj) = 0. We call ^ (globally) pre- 
Hamiltonian if the one form ^Jw is exact. We call the diffeomorphisms generated 
by ^ locally pre-Hamiltonian (respectively pre-Hamiltonian) diffeomorphisms. We 
call pre-symplectic any diffeomorphism (p that satisfy (j)*uj — lj. 

We denote by VTi.am{Y, lu) the set of pre-Hamiltonian diffeomorphisms and by 
VSymp{Y,uj) the set of pre-symplectic diffeomorphisms of {Y,uj). According to 
our definitions, the set of locally pre-Hamiltonian diffeomorphisms is the identity 
component of VSymp{Y, lo). Therefore we will denote the latter by VSympolY, lu). 

The following will be important in our formulation of the moduli problem of 
coisotropic submanifolds later. We will give its proof in section |S1 

Theorem 3.3. Any locally pre-Hamiltonian (respectively, pre-Hamiltonian) vector 
field ^ on a pre-symplectic manifold {Y, lu) can be extended to a locally Hamiltonian 
(respectively, Hamiltonian) vector field on the thickening {U,uJu)- 

4. Leaf space connection and curvature 

However the one-form 0q defined in the previous section depends on the splitting 
We now describe this dependence more systematically. In this section and 
the next, we will study the intrinsic geometry of pre-symplectic manifold (Y, lu) and 
the extrinsic geometry of its symplectic thickening in sectional We first need to 
develop some invariant calculus "over the leaf space" which will play an important 
role in our study of the deformation problem of coisotropic submanifolds later. This 
section applies to any foliation, not just to our null foliation. As far as we know, 
this calculus has not been introduced in the literature yet. 

Let be an arbitrary foliation on a smooth manifold Y . Following the standard 
notations in the foliation theory, we define the normal bundle NJ-' and conormal 
bundle N*T of the fohation T by 

NyJ^ TyY/Ey, N;T := {Ty/Ey)* - e; C T;Y 

In this vein, we will denote E = TT and E* ~ T*!F respectively, whenever it makes 
our discussion more transparent. We have the natural exact sequences 

^ TJ' -^TY ^ NJ' ^ 0, (4.1) 
^ T*J' ^T*Y ^ N*J' <~ 0. (4.2) 

The choice of splitting TY = G © T!F may be regarded as a "connection" of the 
"i?-bundle" TY Y/ ^ where Y/ ~ is the space of leaves of the foliation on Y. 
Note that Y/ ^ is not Hausdorff in general. We will indeed call a choice of splitting 
a leaf space connection of J- in general. 

We can also describe the splitting in a more invariant way as follows: Consider 
bundle maps U : TY ~> TY that satisfy 

H2 =n„ imH, =r,.F 

at every point of Y, and denote the set of such projections by 

Ae{TY) C T{Hom{TY,TY)) = nl{Y). 

There is a one-one correspondence between the choice of splittings H3.1|l and the 
set Ae{TY) provided by the correspondence 

H ^ G kerH. 
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If necessary, we will denote by Hg the element with kerll = G and by Gn the 
complement to E determined by 11. We will use either of the two descriptions, 
whichever is more convenient depending on the circumstances. 

The following is easy to see by using the isomorphism ttq : G — > NJ-' where ttq 
is the restriction to G of the natural projection ttu '■ TY NT. We omit its proof. 

Lemma 4.1. The space of splittings 1^3.1]) is an infinite dimensional (Frechet) 
manifold modelled by 

r{Hom{Go, TT)) = r{N*T ® TT) : 
for any reference choice XIq, and for other H, we have 

Gn - {Tj®BnonoTTno{v)^TY\f]eGo,BnoneT{Hom{NT,TT))} 
= {n^\y) e BnMy) ^TY\ye NT,Bu„n e T{Hom[NT ,TT))} 
Moreover, it is weakly contractible. 

Next we introduce the analogue of "curvature" of the above "connection" . To 
define this, we recall some basic facts about the foliation coordinates. We can 
choose coordinates on Y adapted to the foliation in the following way. Since the 
distribution E is integrable, the Frobenius theorem provides coordinates 

(y\...,y^/+\...,y'») 

on an open subset V (ZY , such that the plaques of V are given by the equation 

= c^, • • • , = c^, c*'s constant. (4.3) 

In particular, we have 

E, = T^T = span {^, • • • , (4.4) 

We denote 

9"=/+", \<a<m-l. 
For the given splitting TY ~ G ® E, we can write 

o m—e „ 
=span f— + y — I (4.5) 

for some -Rf s, which are uniquely determined by the splitting and the given coordi- 
nates. Here i?f' s can be regarded as the "Christoffel symbols" for the "connection" 

n. 

From now on, we will use the summation convention for repeated indices, when- 
ever there is no danger of confusion. Roman indices run over 1, • • • and Greek 
ones over 1 , • • • ,m — £. 

Now we are ready to provide the definition of the "curvature" of the Il-connection. 

Definition 4.1. Let H e Ae{TY) and denote by H : TY ^ Gn ® TT the corre- 
sponding splitting. The transverse H-curvature of the foliation T is a TJ^-valued 
two form defined on NT as follows: Let tt : TY — > NT be the canonical projection 
and 

nn-.Gn^ NT 
be the induced isomorphism. Then we define 

Fn : T{NT) ® T{NT) r{TT) 
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by 

Fn{vi,V2)-^mX,Y]) (4.6) 
where X = 7r]^^(?7i) and Y = n^^{ri2) and [X, Y] is the Lie bracket on Y. 

The following proposition, which is straightforward to check, shows that Fu is a 
tensorial object, justifying the name transverse Il-curvature. This tensor will play 
a crucial role in our description of the strong homotopy Lie algebroid associated 
to the pre-symplectic manifold (Y,luy) (and so of coisotropic submanifolds) and its 
Maurer-Cartan equation. 

Proposition 4.2. Let Fu be as above. For any smooth functions f,g on Y and 
sections rji, 772 of NT, we have the identity 

Fn{fvi,9V2) = fgFu{m,V2) 
i.e., the map Fu defines a well-defined section as an element in T(A'^{N*T)(^^TJ-). 

Proof. Let X, Y be the unique lifts of 771, 772 in T{G) C T{TY) as in the definition. 
Then it follows that fX, gY arc the lifts of frji , 5772 . We have 

[fX, gY] = fg[X, Y] + fX[g]Y ~ gY[f]X. 

Since X, Y are tangent to G, we derive 

n{[fX,gY])^fgU{[X,Y]) 

which finishes the proof. □ 

In the foliation coordinates {y^, ■ ■ ■ ,y^,q^, - ■ ■ , g™"^), Fu has the expression 

Fu = F§-^(g> df A dy^ e T{A\N*T) (g> TT), (4.7) 

where 

y dy^ dy^ ^ dq^ ^ Oqi ' ^ ' 

We next derive the relationship between Fn^ and Fu. Note that with respect to 
the given splitting 

Ho : TY = Gq®TT'^NT® TT 
any other projection 11 : TY — > TY can be written as the following block matrix 



n 





B Id. 



where B ~ BugU ° t^Gq '■ Gq — s- TJ- is the bundle map introduced in Lemma |4.1I 
which is uniquely determined by Hq and H and vice versa. The following lemma 
shows their relationship in coordinates. 

Lemma 4.3. Let Fu and Fug be the transverse H-curvatures with respect to H and 
Hq respectively, and let B — Bu^u be the bundle map mentioned above. In terms 
of the foliation coordinates, we have 

p/3 _ p/3 , {dBf _ OB^ dBl _ OBl 01^ _ „„9fl£\ 

^ij — ^0,ij \'dr' 'W i dq" dq" dq" ^0 dq'^ ) 
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Proof. Let {y^, - ■ ■ ,y^,q^, - ■ ■ , g™^^) be a foliation coordinates of and let Rj be 
the "Christoffel symbols" for Ho. Let Bugn '■ NT TT be the above bundle map 
associated to the pair XIq, 11 of splittings. Using the above block decomposition of 
n, it follows that the corresponding "Christoffel symbols" for 11 are given by 

R^ + B^^ 

where {B^) is the matrix of i?non in terms of the bases of NT and TT associated 
to the foliation coordinates. Then the formula 1(4. 9|l follows immediately from (14.8(1 
by substituting i?^^ by i?^^ + B^^ . □ 

Now we provide an invariant description of the above formula ((4.9() . Consider 
the sheaf K'{N*T) (g) TT and denote by 

Vl' {N*T: TT) := r(A' {N*T) ® TT) 

the group of (local) sections thereof. For an invariant interpretation of the above 
basis of Gx and the transformation law ((4.9(1 . we need to use the notion of basic 
vector fields (or projectable vector fields) which is standard in the foliation theory 
(see e.g., [MM]) : Consider the Lie subalgebra 

L(Y,T) = e T{TY) I ad^{T{TT)) C T{TT)} 

and its quotient Lie algebra 

i{Y,T) = L{Y,T)/T{TT). 

An element from £{Y, J-) is called a transverse vector field of T. In general, there 
may not be a global basic lifting y of a given transverse vector field. But the 
following lemma shows that this is always possible locally. 

Lemma 4.4. Let xq Cz Y and v G N^gJ-. Then there exists a local basic vector 
field ^ in a neighborhood of xq such that it is tangent to G 

where tt : TY — s- NT is the canonical projection. 

Proof. Using the foliation coordinates, it is well-known and easy to check that N^gT 
is spanned by (local) basic vector fields. Let ^' be any such transverse vector field 
with 7r(y (xo)) = V. Then we just take ^ — C ~ n(C') which is obviously transverse 
because Y' is transverse and n(^') is tangent to T. □ 

Definition 4.2. Let T he a foliation on Y. Let U G AsiTY) and U : TY = 
Gu (S)TT be the H-splitting. We call a basic vector field ^ tangent to Gn a Il-basic 
vector field OT a G-basic vector field. 

In this point of view, the vector field 

is the unique G-basic vector field that satisfies 

d 

Y, = — mod TT, 
i.e., defines the same transverse vector field as 
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Definition 4.3. Let X be any (local) basic vector field of T tangent to Gn- We 
define the H-Lie derivative of B with respect to X by the formula 

L'^B= Lx{B,,,,...,,)dy'' A---Ady'' (4.10) 

ii<---<ie 

where Bi-^^i^...i^ is a local section of TJ- given by the local representation of B 
B= B,,...,,dy'' A ■ ■ ■ A dy'' 

ii<---<ie 

in any given foliation coordinates. Here Bi^...ii is the (locally defined) leafwise 
tangent vector field given by 



Bi^...i, = B', 



d_ 



From now on without mentioning further, we will always assume that B is locally 
defined, unless otherwise stated. 

Definition 4.4. For any element B e r{A'^{N* T):TF), we define 

d^B e r{A'^+\N*J'):TF) 

by the formula 

2k 

d^B = Y ^ L^,B (4.11) 

where we call the operator d}^ the li- differential. 

For given splitting 11 and a vector field ^, we denote by the projection of ^ to 
G = Gn, i.e., 

e = i-m)- 

Then the definition of dF can be also given by the same kind of formula as that 
of the usual exterior derivative d: For given B E Vl^{N*!F;TT) and local sections 
?7ii • • • , Vk+i e N.j,T, we define 

d^B{vi, ■■■ ,Vk,Vk+i) 

i 

+ Y{-^y+'-'B{7T{[X,,X,]),m,--- ,,f„... ,7?fe+i)(:4.12) 

i<j 

Here Xi is a H-basic vector field with Tr(Xi{x)) = Viix) for each given point x E Y. 
It is straightforward to check that this definition coincides with H4.11|l . 
Next we introduce the analog of the "bracket" 



Vl'^^{N*T;TT), C e 17^2 (iV 



Definition 4.5. Let B e Vl'^^{N* T;TT), C E 17^^ (iV*J^; TJ"). We define their 
bracket 
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by the formula 

[B,C]n{vi,- ■ ■ ,vei,Vi^+i,- ■ ■ ,vei+e2) 

^ X! 77%^7Tj[-^(^<^(i)'""" '^<^(^i))'^(^<^(^i+i)'""" '^<^(^i+fe)](^-l^) 

reShuffin) 

C{Xr(e^+i),- ■ ■ ,Xr(e^+e2)] (4-14) 

for each x G Y and vi G N^J^, and Xj's are (local) Il-basic vector fields such 
that Tr(Xi{x)) = Vi as before. Here Sn is the symmetric group with size n and 
Shu f fin) C Sn is the subgroup of all "shufHes". [•, •] is the usual Lie bracket of 
leafwise vector fields. 

For the case = ^2 = 1 , wc derive the coordinate formula 

With these definitions, we have the following "Bianchi identity" in our context. 

Proposition 4.5. Let 11 : TY = G ® TT and cf^ be the associated H- differential. 
Then we have 

d^Fn = 
{d^'fB = [Fu,B]u. 



Proof. As before, we denote Yi = + Rf^^. We compute 

d^Fn = ^dy* A Ly, {Fjk)dy^ A dy\ Fjk = Ffk^- 
By definition of Fn, we have 

V,(F,fe) = v,(nK-,n]) 

And we have 

Ly, (n^, Ffc]) = v,n(K-, Ffc]) + n([yi, n]]). 

Here after taking the cyclic sum over ?', j. k, the second term vanishes by the Jacobi 
identity of the Lie bracket. On the other hand, differentiating = H, we derive 

{LxU){[Y, Z]) = U{LxIl){[Y, Z]) + (LxU ■ n){[Y, Z]) 

in general. Furthermore, if we restrict to the basic vector fields X, Y, Z and so 
[Y, Z] is also basic, then it immediately follows from iP =11 that the second term 
vanishes. The first term becomes 

Il{Lx'n){[Y,Z]) = U{LxmY,Z])-U-nLx{[Y,Z]) 

= n{[x, ii[Y, z]] - [X, [Y, z]]) = -n{[x, [y, z] - n[y, z]). 

When this identity is applied to 

X = Yi, Y = Yj, Z = Yh, 
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this term also vanishes because we have 



r 9 _d_ _d_ d 



which is tangent to T. This finishes proof of the Bianchi identity, dP^Fu = 0. 
For the proof of H4.16|l . we consider two H-basic vector fields 

We recall 

(f'B = dy^ /\Ly^B = j^Ly, {B.,,...,,)dy' A df' A • • • A df' . 

Therefore we have 

{d^)^B = ^LYLY^{B,,...,,)df Ady^ Ady'^ A---Ady'' 

= J2 Jii^YM, - Ly^LyM^-^Mv" a dy^ A dy'^ A • • • A dy'' 
i<j 

= J2 lkY..Y,]iB^^■■■^,W A dy^ A dy^' A • • • A df'. 

i<j 

Here we note that [Yi, Yj] is tangent to !F and hence 

[Y„Y,]ix) = U[Y,,Yj]ix) = Fuiu,,u,) 
where Ui = TT{Yi){x). Therefore we have 

id^fB^[Fn,B]n 

on (TV* J^; TJ^) which finishes the proof of □ 

Combining the above discussion, the transformation law H4.9|l in coordinates is 
translated into the following invariant form. 

Proposition 4.6. Let H, Ho be two splittings as in Lemma \4-^ and i?noii G 
T(N*J-'iE)TJ-') be the associated section. Then we have 

Fu = -Frio + ^ "-Bnoii + [-Biioii, -Brio n]no- (4.16) 

Remark 4.6. We would like to emphasize that the bracket [•, -Jn we defined is not 
bilinear over C°°(y), but linear over the so-called subalgebra of basic functions: a 
smooth function / : F ^ R is called basic, if it is constant along the leaves(see 
[MM], [To] for the definition). It seems that a good formulation of invariant objects 
"over the leaf space" should be in terms of the Haefliger-type cocycles and germs of 
ri*(T; TT) over transverse sections T of the foliation T as in [Ha] for his definition 
of il* {TrT) . We postpone elsewhere a full disclosure of geometric structures that 
arise in the study of the deformation problem of foliations T and the role of the 
transverse curvature Fu. 
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5. Geometry of the null foliation 

In this section, we will apply the leaf space calculus developed in the previous 
section to the null foliation. Let {Y, uj) be a pre-symplectic manifold and denote by 
J-' the associated null foliation. About the range of indices of i and a from section 
01 we use 

m = n + k, e^2k, l<i<2k,l<a<n-k 

for the null foliation for {Y,uj). 

Using Lemma l4. II we now state a uniqueness statement in the symplectic thick- 
ening of {Y, to) . This precise form of the neighborhood theorem will be a crucial 
ingredient for our proof in section IIUI of the gauge equivalence of strong homotopy 
Lie algebroids that we associate to the splittings 11. We denote by wn the symplectic 
form given in H3.3() associated to the splitting H. 

Proposition 5.1. For given two splittings Hq, H, there exist neighborhoods U, U' 
of the zero section Y C E* and a diffeomorphism (j) : U ^ U' such that 

(1) (j)*ujn = ^Ho, 

(2) (j)\Y = id, and T0|t^£. = id where TyE* is the restriction ofTE* to Y. 
Proof. Since Ae{TY) is contractible, we can choose a smooth family 

{njo<t<i, no = no,ni = n. 

Denoting lu^ :— loh^, we have 

wt - t^o = d{0o - 0f ) 

9t is the one- form associated to Ht as defined in H6.4|l . From the definition, it 
follows 9t\TYE' = and hence 

{9o-9t)\TYE'=0. 

for all < t < 1. With these, the proof follows from the standard Moser's homotopy 
method [Wei], since are all nondegenerate and homologous to each other in a 
sufficiently small neighborhood of the zero section Y C E* . □ 

For the study of the deformation problem of pre-symplectic structures it is crucial 
to understand the transverse geometry of the null foliation. First we note that the 
pre-symplectic form lo carries a natural transverse symplectic form. This defines 
the symplectic analog to the much-studied Riemannian foliation (see [Mo] , [To] for 
example) . 

Proposition 5.2. Let J- be the null foliation of the pre-symplectic manifold (Y,uj). 
Then the pre-symplectic form lo defines a transverse symplectic form on IF in the 
following sense: 

(1) ker(co'a;) = TxF for any x € M , and 

(2) Lx^ = for any vector field on M tangent to F 

Proof. The first statement is trivial by definition of the null foliation and the second 
is an immediate consequence of the Cartan identity 

Lxuo = d{X\uj)+X\duj. 

The second term on the right hand side vanishes since lj is closed, and the first also 
vanishes if X is tangent to the null foliation F. □ 
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One immediate consequence of the presence of the transverse symplectic form, 
together with the fact that the pre-symplectic form w is closed, is that any transverse 
section T of the fohation T carries a natural symplectic form: in any foliation 
coordinates, it follows from E = kercj = span{g|s-}i<Q,<„_fe that we have 

1 

TT = — C 

2 



-ujijdy' A dy^ , (5.1) 



where LUij — uj{-^, -^jj) is skew-symmetric and invertible. And closedness of uj 
implies that ujij is independent of g"'s. Note that this expression is independent of 
the choice of splitting as long as y^, • • • , y'^^ are those coordinates that characterize 
the leaves of E by (|4.3|l . 

The proof of the following proposition is straightforward by definition of the ho- 
lonomy map and is omitted (see [Proposition 2.5, MM] for a proof of its Riemannian 
analog) . 

Proposition 5.3. Let L be a leaf of the null foliation T on (y,a;), A a path in L, 
and let T and S be transverse sections of J- with A(0) G T and A(l) € S. Then the 
holonomy map 

/ioZ^'^(A):(r,A(0))^(5,A(l)) 
defines the germ of a symplectic difjeomorphism. 

Now for the case of the null foliation !F which carries a transverse symplectic 
structure, we can go one step further with the curvature Fn from the case of general 
foliations: we can do the operation of "raising indices" using symplectic form like a 
metric. We recall that uj defines a non-degenerate bilinear form on N!F. We denote 
by u!~^ the natural bilinear form induced on N*T. We refer to section |51 for more 
on this. 

Now we introduce the following notion of symplectic mean transverse Il-curvature 
of the null foliation J-'. This generalizes the Reeb vector field of a contact form on 
the contact manifold (Y,^) to arbitrary pre-symplectic manifolds. 

Definition 5.1. Define the section pu G T{TT) by 

Pn = ^ traccc^ Fn := ^(Fn, w"^) (5.2) 

where oj^^ is the inverse of uj on NJ- and (•, •) is the natural pairing between A^G* 
and A'^{N!F). In a foliation coordinates, it is given by 

where (w*^) is the inverse of {uJij) with lu — ^coijdy^ A dy^ (see section 01. 

Theorem 5.4. Let (Y,^) be a contact manifold of dimension 2n—l and with ^ its 
contact distribution. Choose a contact one-form 9 and consider the pre-symplectic 
form to = —dO. Denote by Xg the associated Reeb vector field. We set E = kcrdfl 
and Te be the associated foliation (or the line field). Consider the projection 11 : 
TV -> TY such that 

Gn =e 

Then for any X, Y € ^ = NTq, we have 

Fn{X,Y)^e([X,Y])Xe = -de{X,Y) ■ Xg (5.4) 
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and 

pn = Xg. (5.5) 
Proof. Recall that the contact vector field Xg is the unique vector field that satisfies 

Xe\e = i, X9\de = o. 

Therefore it immediately implies 

Fn{X,Y) ^n{[X,Y]) ^ 0i[X,Y])Xg 

for any X,Y since we have e{[X, Y] - 9{[X, Y])Xg) = 0, i.e, 

[X,Y]-e{[X,Y])Xee^^Gn. 

The second identity of H5.4|l follows from the definition of the exterior derivative d9 
and the defining equation of contact form ^ = ker 6. 

The identity (|5.5() immediately follows from the choice of pre-symplectic form 
Lu = -de and □ 

The following is an interesting consequence of this theorem. 

Corollary 5.5. Let {X,ujx) be a given symplectic manifold and J be a compatible 
almost complex structure. Denote by 'Hyper{X,uJx, J) the space of hypersurfaces 
with the induced pre-symplectic form uj and with the Riemannian metric induced 
from g,j — LUxi',J-)- We choose the orthogonal splitting H : TY — G Q) TJ- for 
each hypersurface Y G TLyper^X ^ lj x ^ J) and denote by P(j^y) the corresponding 
symplectic mean transverse curvature. Let Cont{X, wx, J) the subset of contact hy- 
persurface with the contact form 0{j.y) ■— ^x{Nj, ■) where Nj is the unit (positive) 
normal vector field and denote by X(^j y) the Reeb vector field of d(^j Y) ■ Then the 
assignment 

(J,y) e J{X,uj) X nyper{X,uJX:J) ^ PiJ.Y) 

is continuous with respect to the C°° -topology which extends the assignment of the 
Reeb vector fields 

(J,y) e J{X,Lu) X Cont{X,ux, J) ^ 

We believe that this corollary will play some role in the study of Hamiltonian 
dynamics on the hypersurfaces. This will be a subject of the future study. We 
also refer to [Oh] for a study of coisotropic submanifolds in Kahler manifolds with 
respect to the canonical orthogonal splitting TY = NjT © TT where NjT is the 
normal bundle of T with respect to the Kahler metric gj = a;(-, J-). 

Another important geometric structure related to the bundle 

TT = E = kertj Y 

is the structure of a Lie algebroid (sec e.g. [CW], [MM], [NT] for its definition) 
: the anchor map E ~f TY is just the inclusion map and the Lie bracket on 
the sections of E is just the usual bracket of vector fields on Y. This induces the 
leafwise differential djr and defines the leafwise de Rham complex U*{!F), which will 
play an important role in the deformation problem of pre-symplectic structures and 
coisotropic submanifolds later. 
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6. Geometry of the symplectic thickening 

In this section and the next two, we wiU unravel the geometric and algebraic 
structure that governs the deformation problem of coisotropic submanifolds up to 
Hamiltonian isotopy. As we showed in section 2, it is enough to study this in the 
model space {U,luu) constructed in section 2. Precise formulation of the problem 
is in order. 

Again we start with a splitting 

TY = G®E, 

the associated bundle projection 11 : TY TY, the associated canonical one form 
9q, and the symplectic form 

on U C E*. Note the projection map n : U ^ Y induces a foliation 7t~^{!F) 
on J7 in a canonical way. The leaves of 7r^^(jF) are the preimages of the leaves 
of !F, which are symplectic submanifolds of U. When we choose foliation coordi- 
nates (y^, • • • , y^'^, q^, - ■ ■ , q"~'') on Y, we can extend these coordinates to foliation 
coordinates of 7r^^{J^) 

so that 

= c"^, • • • , y^*" = c^'', c*'s constant 
defines the leaves of the foliation tt~^{!F). We will construct these coordinates 
explicitly below. We have the following commutative diagram of exact sequences 

^ Tn-^T) TU ^ N{tt-^{T)) ^ 

ITtt ITn i= (6.1) 

^ TT ^ TY ^ NT ^ 

Note that for a given splitting 11 : TY = G ® TT, due to the presence of the 
symplectic form oju, there exists the unique splitting of TU 

TU = ® Tt:-\T) (6.2) 

that satisfies 

{TaTT-\T))'^" (6.3) 

for any a £ C/, which is invariant under the action of symplectic diffeomorphisms 
on {UjOJu) that preserve the leaves of n^^{T). 

Definition 6.1. We call the above unique splitting the leafwise symplectic connec- 
tion of U ^ Y compatible to the splitting 11 : TY — G (S TT or simply a leafwise 
symplectic W-connection oi U Y . 

We would like to emphasize that this connection is not a vector bundle connection 
of E* although ?7 is a subset of E* , which reflects nonlinearity of this connection. 
Note that the splitting 11 naturally induces the splitting 

n, : T*Y = {TT)° ® G° 

where {TT)° and G° are the annihilators oiTT and G respectively. We denote by 
n« : TJ7 ^ TU the projection to T{tt-'^T) associated to We now derive the 

coordinate expression of the leafwise symplectic Il-connection. Let 

(y^...,y2^y2'=+^...,y«+^■) 
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be coordinates on Y adapted to the null foliation on an open subset V C Y as 
before. By choosing the frame 

{/l > ■ ■ ■ ) fn—k} 

of E* that is dual to the frame {g^rr • • j gq^-k } of E, we introduce the canon- 
ical coordinates on E* by writing an element a G E* as a, linear combination of 
{/i ) ■ ■ ■ ) fn-k} 

and taking 

as the associated coordinates. To derive the coordinate expression of 9g, we com- 
pute 



Hence we derive 



Here we note that 



eG=Pf3{dq^ -R^dy'). (6.4) 



{dq/^ -Rfdy')\G^=0. 
This shows that if we identify E* = T*J^ with 

G° :=im(n)*|B. CT*F 

via the embedding (H)* l^. : E* ^ T*Y induced by the splitting 11 : TF = G®TJ=', 
then we may write the dual frame on T*JF as 

f*0 = dq^ - R^dy\ (6.5) 

Motivated by this, we write 

dOa = dp0A{dq'^-R^dy')-ppdR'^Ady' (6.6) 

BR'^ 

= dp0 A {dq^ - Rfdy') - Pp^dy^ A dy' 

-p0^dq'^Ady\ (6.7) 
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Combining 1)6.6(1 and 1)5. we have 
uju = 7r*cj — dOc 



1 dR 



2 "'^ dy^ 



^jdfAdy^-dpsA{dq'-Rfdy') 



dR^ dR^ \ 



dy 

-idps+Pf3^df) A (dq' - R'jdy^) 

+P/3^dy^) A {dq' - R'^dyi) 
= \(u,,^p0Fi^^df Ady^ 

Qr>P 

-('^PS ^Pp-Q^dy') ^ (dq' - R'^dy^) (6.8) 

where Pfj are the components of the transverse Il-curvature of the nuU-fohation. 
Here the last identity comes from the skew-symmetry of LOij and by anti-symmetrizing 
the first term of the identity right before. 
Note that we have 

which is independent of the choice of the above induced foUation coordinates of 
TU. 

Now we compute {Ttt^^{!F))'^" in TU in terms of these induced foUation coor- 
dinates. We will determine when the expression 

satisfies 

It is immediate to see by pairing with 

bf^^O, (3 ^l,- ■ ■ ,n-k. (6.9) 

Next we study the equation 

for all = 1, • • • , n — fc. A straightforward check provides 

-a'pp^-c^^Q (6.10) 
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for all V and j. Combining (|6.9|l and (|6.10(l . we have obtained 

iT.-'mr ..,p.„{^ + i;j_-p,^-}^^^^^^^ (6,11) 

Remark 6.2. Just as we have been considering 11 : TY — G®T!F as a "connection" 
over the leaf space, we may consider the splitting : TC/ = G» © T{-k-'^J^) as the 
leaf space connection canonically induced from II under the fiber-preserving map 

n -.U ^Y 

over the same leaf space Y/ ~: Note that the space of leaves of T and tt^^J- are 
canonically homeomorphic. 



7. Master equation in coordinates 

We will now study the condition that the graph of a section s :Y ^ E* NY 
is coisotropic with respect to lou- We call the corresponding equation the classical 
part of the master equation. We study the full (local) moduli problem of coisotropic 
submanifolds by analyzing the condition that the graph of a section s : y — > J7 in 
the symplectic thickening U is to be coisotropic with respect to lojj- 

Recall that an Ehresmann connection of C/ — > y with a structure group _ff is a 
splitting of the exact sequence 

^ VTU — yTU ^TY ^0 

that is invariant under the action of the group H . Here H is not necessarily a finite 
dimensional Lie group. In other words, an Ehresmann connection is a choice of 
decomposition 

TU = HTU e VTU 

that is invariant under the fiberwise action of H. Recalling that there is a canon- 
ical identification VaTU = VaTE* = E*^^^y a connection can be described as a 
horizontal lifting HTaU of TY to TU at each point y e F and a e U C E* with 
7r(a) = y. We denote by F* C HTU the horizontal hfting of a subbundlc F C TY 
in general. 

Let {y^, • • • , y'^^, q^, - ■ ■ , q""^^) be a foliation coordinates of on F and 

be the induced fohation coordinates of Tr^^{T) on U. Then G* = {Ttt-^{T)Y" 
has the natural basis given by 

dyo ^ ^ dq^ dq- dp, 

which are basic vector fields of T{'k^^!F). We also denote 

We define a local lifting of E 

= span {a,. •• ,/„_,}. (7.1) 
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Remark 7.1. (1) When a splitting 11 : TY = G ® TT is given, is canoni- 
cally defined which is independent of the fohation coordinates. UnUke G", 
depends on the choice of fohation coordinates. However for another 
choice of fohation coordinates (y^,--- , y^*^, g^, • • • i?" wiU have a 

basis in the form 

9 .ad 

for a = l,---,n— fc, where the matrix (A^) is symmetric. The latter follows 
from the fact that i?" is isotropic. 
(2) The choice of splitting 

Ti-R-^T) =E^(S VTU 

may be considered as the analog of T -partial connection associated to the 
principal G-bundle P ^ _B for a Lie groupoid whose associated Lie alge- 
broid is the one associated to the null foliation except that in our case we 
do not have associated the global Lie groupoid in sight. We refer to [section 
5, MM] for the precise definition of principal G-bundles of a Lie groupoid 
G and the jT-partial connection. The relevant groupoid-like object in our 
case is the symplectic thickening tt -.U which can be interpreted as the 
"integrated" object of our strong homotopy Lie algebroid that we introduce 
in the next section. We hope to have more detailed discussion elsewhere. 



17.111 provides a local splitting 

TU = (G« ® E^) © VTU U 

and defines a locally defined Ehresmann connection where VTU is the vertical 
tangent bundle of TU. From the expression inSJ of Luu, it follows that G» © E^ 
is a coisotropic lifting of TY to TU. We denote by U" : TU -> VTU the vertical 
projection with respect to this splitting. 

With this preparation, we are finally ready to derive the master equation. Let 
s -.Y ^ U C E* he a. section and denote 

Vs n" o ds (7.2) 

its locally defined "covariant derivative" . In coordinates {y^, - ■ ■ , y^*^, g^, • • ■ , 9"^*^), 
we have 

^ / 9 \ d ^ dsa d 



dy^ ' dy^ dy^ dpa 



^ dq'' dp^ dyi dp, 

dR^ d dsa d 



dq" dpi, dyj dpo 



Therefore we have derived 
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Similarly we compute 



d_ 

d 



dsa d 
dsa d 



and so 



Vs — 



dsa d 



Recalling that T^U = {E* ® VT^U) 
graph of ds with respect to the frame 



dq" dpo 



|ei, • • • ,e2k, fir 

can be expressed by the linear map 
Ah : (E* VTUY" - 



dpi 



(7.4) 

VTall, we conclude that the 
d 1 



At : E* 



VTV- 
VTU'- 



E*; 
E*: 



where 



idif) 
d 



.dqP) 
Finally we note that 



d 

d 



Wi. 



dpn 



{Ant 
{Ai)i 

dSg ^ 

dsg 
" dq0' 



S/3 



dq" ' 



and denote its inverse by (w*-'). Note that (wy) is invertible if sp is sufficiently 
small, i.e., if the section s is C^-close to the zero section, or its image stays inside 
of U. Now Proposition 2.2 immediately implies 

Theorem 7.1. Let Vs be the vertical projection of ds as in jV.S}) . Then the graph 
of the section s : Y U is coisotropic with respect to lou if and only if s satisfies 



ViSaUJ^^VjSp = VpSa - Vq,S/3 



for all a > P or 



-(V,s„i>'^^V,s^)/*A/^ 



(V0S„)/* A 



(7.5) 



(7.6) 



where f* is the dual frame of {-^, • • • , g^^n-k } defined by <6'. 5\) . We call any of the 
two the master equation for the pre-symplectic manifold (Y,lu). 

Remark 7.2. It is straightforward to check that both sides of (|7.6() are independent 
of the local lifting E^ but depends only on the splitting 11 : TY = G®TT. In fact, 
the right hand side does not depend on this splitting either but depends only on the 
null foliation T, which is nothing but ^djr[s) where djr is the exterior derivative 
of s e ^^{^) = T{T*!F) along the foliation (See e.g., [Ha] or section 8 later for 
the definition of djr). The latter property follows from Remark l7. II On the other 
hand, the invariant meaning of the left hand side is not completely clear. One may 
interpret it as a kind of twisted bracket which varies along the value of the section 
itself. 
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Note that 1)7. 6|l involves terms of all order of s/j because the matrix (w*-' ) is the 
inverse of the matrix 

There is a special case where the curvature vanishes i.e., satisfies 

FG=Fi'^^®dy' Ady' (7.7) 

in addition to (|4.3|l . In this case, = ujij which depends only on j/*'s and so does 
cj'^ . Therefore H7.5|l is reduced to the quadratic equation 

i(V,s„^*^V,S;3)/* A - (V0S„)/* A rp- (7.8) 



8. Hamiltonian equivalence 

In this section, we give the proof of Theorem 13.31 and clarify the relation be- 
tween the intrinsic equivalence between the pre-symplectic structures and the ex- 
trinsic equivalence between coisotropic embeddings in U . The intrinsic equivalence 
is provided by the pre-Hamiltonian diffeomorphisms on the pre-symplectic manifold 
(y, uj) and the extrinsic ones by Hamiltonian deformations of its coisotropic embed- 
ding into {U,uju) (and so into any symplectic {X,lux) that allows a coisotropic 
embedding of (y, w)), as far as the Hamiltonian deformations are small enough). 

We first recall the theorem stated in section O and provide its proof. 

Theorem 8.1. Any locally pre-Hamiltonian (respectively, pre-Hamiltonian) vector 
field ^ on a pre-symplectic manifold {Y, lu) can be extended to a locally Hamiltonian 
(respectively, Hamiltonian) vector field on the thickening {U,U}u). 

Proof. Let T be the null foliation of (Y, uj) and tt^^{J- ) be the induced foliation on 
the canonical thickening tt : [/ -^Y. Choose any splitting TY ~ G ® E and write 

First consider the case when f is locally pre-Hamiltonian, i.e., (i(fjw) = 0. The 
pre-Hamiltonian case will follow immediately from the proof of this. Since lo\e = 0, 
S,\uj — £,g\^ and so we have ^(^gJ'^) = 0. We denote by 

and decompose TU = © T{-k^^{T)). We will find a vector field S on t/ of the 
form 

S = Sg + 2_E 

where SG(a) S Gi and S_E(a) S Ta,{-K-^ {T)) . 

First we determine Ee- We define a function : J7 R by 

/«(") = {a,^E) 

for a e [/ d E* and by Xf^^ its Hamiltonian vector field on U with respect to the 
symplectic form uoij. Note that Xf^\Y = (,e- Motivated by this, we just set 

^E = Xf^. (8.1) 

Determination of Sg is now in order. With the above choice of S^;, we have 



d{^\LJu) = d(^Gjwc/). 



(8.2) 
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We would like to solve the equation 

j I'^J"^'')-" (8.3) 

[ ^g\y - t.G 

Note the initial condition and the condition e imply 

{Eg\uju)\y = CJ'^- 
Noting that uju is nondegenerate, we will therefore set 

e := Eg\uju 

and solve the following extension problem of one-forms instead. 

de = 0, Q\y^^\lo. (8.4) 

This can be solved in a neighborhood oiY C E* by the standard homotopy method 
[Wei], when the initial one- form on Y C U is closed which is precisely the 
condition for ^ to be locally pre-Hamiltonian. Furthermore the homotopy method 
also leads to an exact extension when the initial form ^Jw is exact, i.e., when ^ is 
pre-Hamiltonian. This finishes the proof. □ 

Next, we consider the coordinate expression of H8.3|l . In the canonical coordinates 
we write 



where S;^'s are the coordinate functions of with respect to the basis {ej}i<j<2k 
of GK Then a straightforward calculation using the formula (|6.8|l shows that (|8.3(l 
becomes 

\ El;{y\--- ,y^\q\--- ,q^^'\0,--- ,0)=eG{y\--- ,y^\Q\--- ,9""') 
where is the coordinates of ^g 

In particular we have the following immediate corollary. 



Corollary 8.2. Suppose Fjj = 0. Then R — + Xj^ is the locally Hamiltonian 
(respectively Hamiltonian) vector field on {U^lojj) which extends the locally pre- 
Hamiltonian (respectively pre-Hamiltonian) vector field on (Y^uj). 

Proof. When Fn = 0, H8.5|) becomes 

diE'GLu.jdy^) = 0. 

Since ujij depends only on i/"s and d{^GLOijdy^) = 0, the pa-independent function 

provides a solution for (|8.5(l . which precisely corresponds to the extension 

This finishes the proof. □ 
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9. Strong homotopy Lie algebroid 

In this section, we unravel the algebraic structure that provides an invariant 
description of the master equation (|7.6|) in the formal level. 

9.1. Lie algebroid and its cohomology. We start with recalling the definition 
of Lie algebroid and its associated _E-de Rham complex and i?-cohomology. The 
leafwise de Rham complex fl*{J-') is a special case of the E-de Rham complex 
associated to the general Lie algebroid E, We quote the following definitions from 
[NT]. 

Definition 9.1. Let M be a smooth manifold. A Lie algebroid on M is a triple 
{E, p,[, ]), where E is a. vector bundle on AI, [,] is a Lie algebra structure on the 
sheaf of sections of E, and p is a bundle map, called the anchor map, 

p:E^ TM 

such that the induced map 

r(p) : r(M; E) T{TM) 

is a Lie algebra homomorphism and, for any sections a and t of E and a smooth 
function / on M, the identity 

[cTjT]^p{a)[f]-T + f-[a,T]. 

Definition 9.2. Let {E,p, [, ]) be a Lie algebroid on M. The E-de Rham complex 
i'^n' {M),^d) is defined by 

^n{A'iE*)) = T{A'{E*)) 

^dcj(cri, • • • ,crfc+i) = ^{-iyp{at)uj{ai,- ■ ■ ,ai,- ■ ■ ,ak+i) 

i 

+ ^{-^y^^^^'^{[<^i,crj],<^l, - ■ ■ ,^3,--- ,crfc+i). 

i<j 

The cohomology of this complex will be denoted by ^H*{M) and called the E-de 
Rham cohomology of AI. 

In our case, M = Y and E := TF" = TT and the anchor map p : E —f TY is 
nothing but the inclusion map i : TV^ — > TY . The integrability of TY'^ implies 
that the restriction of the Lie bracket on T{TY) to T{TY'^) defines the Lie bracket 
[, ] on T{E). Therefore the triple 

{E = TY-,p = i,[,]) 

defines the structure of Lie algebroid and hence the ^-differential. In our case, the 
corresponding ^-differential is nothing but djr the exterior derivative along the null 
foliation T and its cohomology, the cohomology H* [T] of the foliation T. 

Now we derive, as a first step towards the study of the master equation, the 
linearized version of the master equation which characterizes the infinitesimal de- 
formation space of coisotropic submanifolds. For this, we introduce the space 

Coisok = Coisok{X,ijJx) 

the set of coisotropic submanifolds with nullity n — k for < fc < n and characterize 
its infinitesimal deformation space dXY (Z E* , the zero section of E* . As Zambon 
[Za] observed (see Example 10.4 later), this space does not form a smooth Frechet 
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manifold unlike the Lagrangian case. By the coisotropic neighborhood theorem, the 
infinitesimal deformation space, denoted as TYCoisok{X,ujx) — TYCoisok{U,uju) 
with some abuse of notion, depends only on {Y,uj) where to = i*i^x, but not on 
{X, LUx)- An element in TyCoisokiU, uju) is a section of the bundle E* — T*T Y. 

The following characterizes the condition for a section ^ to be an infinitesimal 
deformation of Y . 

Theorem 9.1. A section ^ G is an infinitesimal deformation of coisotropic 

submanifold Y if and only if ^ satisfies 

= on n\T), (9.1) 

where djr is the exterior derivative along the leaves of the foliation T . 

Proof. This is an immediate consequence of higher order nature of the left hand 
side in H7.6|l and the definition of djr. □ 

Now we need to mod out the solution space of (|9.1|l by certain gauge equivalence 
classes. Algebraically, the set of equivalence classes is the first cohomology of the 
null foliation T 

R^iT) := kerd^|ni(^)/im d^|f20(^) 

of the graded algebra {yi*[T\dj^\ which is the leafwise de Rham complex of the 
foliation T . Geometrically we are considering the set of equivalence classes of 
pre-symplectic structures up to the pre-Hamiltonian diffeomorphisms on (P, iS). Or 
equivalently the latter is (locally) equivalent to the set of deformations of coisotropic 
embeddings into {U,uju) (or any into {X,ujx) into which {Y,u!) is coisotropically 
embedded) of {Y,uj) up to the ambient Hamiltonian isotopies. See section|Hl 

Since the leafwise de Rham cohomology H'{!F) is determined by {Y^oj), we will 
denote 

H'{Y,uj) ■.= H'{T) 

and call the cohomology of (the null foliation of) {Y,uj). In fact, it depends only 
on the foliation T. When /c = 0, this reduces to the standard description of the 
deformation problem of the Lagrangian submanifolds and i7^(y, cj) becomes the 
standard de Rham cohomology ^ {Y; M) . When A; = n, it becomes C°° (X, w) which 
carries the Poisson bracket associated to the symplectic form uj. The cohomology 
H^{Y,uj) is a mixture of these two. Except the case of A; = 0, this cohomology is 
infinite dimensional in general. 

9.2. Review of strong homotopy Lie algebra. In this section we give a brief 
review of the definition of the strong homotopy Lie algebra or the Loo algebra. We 
will follow Fukaya's exposition verbatim on the part of Lqo algebra from [Fu]. In 
particular, we will follow the sign convention used in [Fu] which is also the same 
as that of [FOOO] in the context of the ^oo-algebra case. We will extract only the 
essentials that are needed to give a self-contained definition of our strong homotopy 
Lie algebroid. For more details of the discussion on the Loo algebra, we refer to [Fu] 
or [Kl] (with different sign convention) also to [AKKS], [PI] for the exposition in 
the context of the Batalin-Vilkovisky approach using the notion of super-manifolds. 

Let C be a graded i?-module where R is the coefficient ring. In our case, R will 
be either M or C. We denote by C[l] its suspension defined by 

C[lf = C^+^. 
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We denote by deg{x) — \x\ the degree of a; G C before the shift and deg'{x) = |a;|' 
that after the degree shifting, i.e., — \x\ ~ 1. Define the har complex B{C[V\) by 

oo 

Bu{C[l]) = (C[l]f^, B{C[l]) ^ 0B,(C[1]). 

fc=0 

Here Bo{C[l\) = Rhy definition. We provide the degree of elements of B{C[1]) by 
the rule 

k k 

\xi(g)---(g> Xk\' ■■= |x,r = Y\x^\-k (9.2) 

1=1 i=l 

where | • |' is the shifted degree. There is a natural coproduct 
A : B{C[1]) B{C[1]) ^ B{C[1]) 

on B{C[l]) defined by 

k 

A{xi ■ ■ - xk) = Y^i^i ■ ■ ■ Xi) (xi+i (g) • • • ® Xk). (9.3) 

i=Q 

Finally we have the natural projection 

s : B{C[1]) - {B{C[l]r - R. 

Then the triple {B{C[1]), A,e) defines the structure of graded coalgebra. 

Now we consider the action of the symmetric group Sk on i?fc(C[l]) by the 
permutation of arguments in the tensor powers 

<t{xi (g) • • • (g) Xfc) = (-l)l'^la;^(i) (g) • • • (g) x„(^k) (9.4) 

where |cr| is defined to be 

H= E i^^i>^r- (9-5) 

i,j\i<j, cr('')>o-(j) 

We define Ek{C[l]) to be the submodulc of Bk{C[l]) consisting of fixed points of 
the iSfe-action defined above, and 

EiC[l])^^EkiC[l]). 

i=0 

The above coproduct (|9.3|l naturally induces a coproduct on i!J(C[l]), which we 
also denote by A. And the projection e induces the projection on E{C[1]) again 
denoted by e. Then we have the following lemma 

Lemma 9.2. [Lemma 8.3.1, Fu] The triple {E{C[1]), A, e) is a graded- cocommutative 
coalgebra. 

Definition 9.3. [Definition 8.3.2, Fu] The structure of Loo algebra or strong 
homotopy Lie algebra is a sequence of R module homomorphisms 

mk : EkiC[l]) ^ C[l], fc = l,2,---, 

of degree +1 such that the coderivation 

oo 

S^^mk 

fc=i 

satisfies SS — 0. Here we denote by frifc : i?(C[l]) — > E{C[1]) the unique extension 
of rrifc as a coderivation on E{C[1]). 
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One can write the condition 65 = more explicitly as 

n n—k+l 

^ ^ (-l)l^il'+'''+l^'-il'm„_fc+i(a;i (g) • • • (g) (g) mfe(a;i (g) • • • (X) 

fc=l i=l 

i^Xi+k g) • • • (g a:„) = 

for any n = 1, 2, • • • . In particular, we have mimi = and so it defines complex 
(C, tni). We define the mi-cohomology by 

H{C, mi) = ker mi/im mi. 

A weak Loo-algebra is defined in the same way, except that it also includes the 
mo-term 

mo:R^E{C[l]). 

The first two terms of the Loo relation for a weak Loo algebra are given as 

mi(mo(l)) - 

mimi(a;) + (-l)l^l'm2(a;,mo(l)) +m2(mo(l),a;) = 0. (9.6) 

In particular, for the case of weak Loo algebras, mi will not satisfy boundary prop- 
erty, i.e., mimi ^ in general. We will explain in the appendix of the present paper 
that the vanishing of mo is closely related to the coisotropic boundary condition via 
the Batalin-Vilkovisky formulation of the open string A-model. See also Lemma 

EB 

9.3. Definition of strong homotopy Lie algebroid. Now we are ready to in- 
troduce the main definition of our strong homotopy Lie algebroid 

Definition 9.4. Let £' — > F be a Lie algebroid. An Loo-structure over the Lie 
algebroid is a structure of strong homotopy Lie algebra (l[l],m) on the associated 
E-de Rham complex [' = n*{E) = T{A*{E*)) such that mi is the £;-diflterential 
induced by the Lie algebroid structure on E as described in section IHTI We call 
the pair {E ~* Y,m) a strong homotopy Lie algebroid. 

With this definition of strong homotopy Lie algebroid, we will show that for 
given presymplectic manifold {Y, uj) each splitting 11 : TV = G TT induces a 
canonical ioo-structure over the Lie algebroid TJ- — > Y . 

We recall that U C E* — T*T and we have chosen the (locally defined) trans- 
verse symplectic connection 

TU = (G» © E^) © VTU 

where is given as in H7.1|l . This induces a locally defined leafwise symplectic 
connection of TU — + Y which we denote by V. 

The crucial structures relevant to the invariant description of this structure will 
be a linear map 

w : n^{Y- k'E*) T{k'+^E*) = (9.7) 

a quadratic map 

(•,-)^ : n\Y;A'^^E*)®n\Y;A'^^-E*) n'^^+^'{J'), (9.8) 

and the third map that is induced by the transverse Il-curvature. 
Now we describe those maps. The linear map uj is defined by 

Uj{A) := iA\E)skew ■ 
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Here note that an element A G n'^{Y; A'^E*) a section of T*Y ^ k^E*. A\e is the 
element in E* (g) A^E* obtained by restricting ^ to for the first factor, and then 
{A\E)skew is the skew-symmetrization of A\e- 
The quadratic map is defined by 

{A,B)^ := {A\^\B) - {B\',\A) 

where tt is the transverse Poisson bi- vector on N* T associated to the transverse 
symplectic form oj on NT . 

Finally we define two maps involving the transverse Il-curvature .Fn: For any 
two form 77 e ri^(y), we denote 

kerry := {v^TY \ r]{v,-) = 0}, 

and the subset nl{Y) C n^{Y) by 

■= {V e ^^{Y) I kerT; D kerw}. (9.9) 

The first map we will use is the "contraction" by Fjj 

F:n\T)^nl{Y)^n'-\T); F{O^F\^, (9.10) 

where the contraction is taken between E and E* . The second map is "raising 
indices" of F by = (w*-?) on TY/E ^ G. We will denote 

F* F.- = F^dy^ « ( A + ^ A. e r(G* ^G^E), (9.11) 

where F"^ = Ftk^""^ ■ Note that we can identify T{G* (g) G (g) E) with r{N*T (g) 
NT (g) E) via the isomorphism ttq : G ^ NT. 
For given ^ € n^{T), we denote 

dAO (VCb).fce», (9.12) 



Ui,6}n := (Va, V6)c. = 5]c.^^ (V.ei) A (V,6)- (9.13) 

Here the first map is nothing but the leafwise differential of the null foliation which 
is indeed independent of the choice of splitting H : TY = G ® TT but depends only 
on the foliation. The second is a bracket in the transverse direction which does not 
satisfy the Jacobi identity in general because of the presence of non-zero transverse 
curvature of the null foliation. Dependence on H for the bracket comes from the 
covariant derivative V^s := H" o ds{ei). Because of this, the structure 

n — k \ 

[ = 0[^;d^,{.,.}n , V=n^{T) (9.14) 

fails to define a differential graded Lie algebra in general. However we have 

Theorem 9.3. Letii : TY ^ G ®TT he a splitting such that Fji = 0. Then 
defines a differential graded Lie algebra. More precisely, we have the identity 



Mei,6}n-{rf^(ei),6}n + (-l)l«^IUi,d^(6)}n. (9.15) 
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Proof. Let 11 : TY = G © TT be such a splitting. By definition of Fu , vanishing of 
Fu means that the distribution G is integrable. Together with the fohation we 
can construct a coordinate system 

such that 

In particular, we have Rf = and so [Vi,Vj] = [VfcjVa] — [Vq, V^g] — 0. Once 
we have these, (|9.15|l immediately follows by computing 

using the fact that w*-' is independent of q°"s. This finishes the proof. □ 

In the general case, it turns out that for each given splitting 11 : TY = G © TT 
the pair (lijF, 'Jn) can be extended to an infinite family of graded multilinear 
maps 

mi = mY: ^ ^[M'i^) (9-16) 

so that the structure 

71— k \ 

0[[lF;{mai<£<oo 
j=o J 
defines a strong homotopy Lie algebroid on E = TJ- ^ y in the above sense. Here 
is the shifted complex of i.e., = n^+^{T) and mi is 

defined by 

and m2 is given by 

m2(ei,e2) = (-l)l«^l(l«=l+^UCi,6}n. 

On the un-shifted group I, dj^ defines a differential of degree 1 and {•,-}(^ is a graded 
bracket of degree and rag is a map of degree 2 — £. 

We now define for ^ > 3. Here enters the transverse H-curvature F — Fu of 
the splitting H of the null foliation JF. We define 

mKa,--- ,6):= E(-l)'''(^^-(i)'(^*J^-(2))---(^*JC.(^-i))^^-w)- (9-17) 

cr£Se 

where \a\ is given by the rule written in (|9.4(l . We have obtained our definition 
of strong homotopy Lie algebroid associated to the coisotropic submanifolds first 
via the language of super-manifolds and the Batalin-Vilkovisky formalism in the 
context of coisotropic branes formulated in [AKSZ] and [PI]. The current definition 
below is a literal translation of the one formulated in the language of formal super 
manifolds into the language of tensor calculus. For the reader's convenience, we 
include this original derivation in the context of Batalin-Vilkovisky formalism in 
the appendix. In fact, the current proof itself is not very different from this in 
which we just add more mathematical explanations to it. The proof is essentially 
a consequence of the fact that the symplectic form oju is closed. A purely classical 
proof using the tensor calculus should be also possible, but with paying the price 
of obscuring the origin, diuij = 0, of the Loo-structure. Because of this, we do not 
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pursue carrying out the tensor calculations preferring the proof using the super- 
manifold and the relevant super-calculus. 

Theorem 9.4. Let (Y^uj) be a pre-symplectic manifold and 11 : TY — G®TJ- he a 
splitting. Then 11 canonically induces a structure of strong homotopy Lie algebroid 
on TJ- in that the graded complex 



0f7[l]-(.F),{ma 



l<l<oo 



defines the structure of strong homotopy Lie algebra. We denote by fillj^c^ n) 
corresponding strong homotopy Lie algebra. 

Proof. We will prove that the coderivation 5 = X^fci satisfies 55 — 0. By 
restricting to the sections ^^'s supported in a coordinate chart, we will work with 
coordinate calculations. We first recall from H6.8|l the expression of the symplectic 
form LOu on U d E* 



" = 2 

-idpp+Pp^df) A idq' - R]dy^) (9.18) 
In the same coordinates, the corresponding Poisson bi-vector field P has the form 

1 Pi Pi 

P = -Zj'^e, A + — A — (9.19) 

2 ^ ag" dpa 

where the vector field are the ones defined by (|7.1|l (see Appendix for the deriva- 
tion of this formula). The fact that dijjij = is equivalent to the vanishing of 
Schouten bracket 

[P, P\ = 0. (9.20) 

The Poisson tensor defines a map 

5p(u) = 

for each multi- vector field u. Furthermore, since [P, P] = 0, it satisfies 5p5p = 
^[[P, P],-] — 0. A good way of describing this map 5p is to use the super-language 
(see Appendix or [Gz] for an elegant description of this translation) . We change the 
parity of TU along the fiber and denote by T[l]t/ the corresponding super tangent 
bundle of U. One considers a multi-vector field on ?7 as a (fiberwise) polynomial 
function on T* [!][/. For example, the Poisson tensor P defines a quadratic function, 
which we denote by H. This also coincides with the push-forward of the canonical 
even function H* : T[l]t/ M. induced by the symplectic form cuu- On the other 
hand, the exterior differential d defines an odd vector field on T[1]U, which we 
denote by Q. This vector field is nothing but the pull-back of the Hamiltonian 
vector field of H with respect to the canonical (odd) symplectic form fl on r*[l]X. 
We warn readers that ^l should not be confused with the symplectic form oju itself 
on U. We denote by the (super-)Poisson bracket associated to the odd 

symplectic form i7 on T[1]X. Then we have the identity 

Q^{H*,-}n 

as a derivation on the set Ot[i]x of "functions" on r[l]J'(': Here Ot[i]x is the set 
of differential forms on X considered as fiberwise polynomial fmictions on T[1]A". 
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We refer to Appendix or [Gz] for the precise mathematical meaning for this corre- 
spondence. 

Next we will be interested in whether one can canonically restrict the vector field 
Q to L = TJF[1] or equivalently whether the function H has constant value on L. 
Here comes the coisotropic condition naturally. 

Lemma 9.5. Let H be the even function on T[\]X induced by the symplectic form 
LUx, and H* : T*[\]X be its push-forward by the isomorphism uix '■ T[1]X — + 

T*[1]X. When Y C {X,uj) is a coisotropic submanifold we have -ff*|Ar»[i]y = 0. 
Conversely, any (conic) Lagrangian subspace L* C r*[l]X satisfying i?*|L* = is 
equivalent to N*[1]Y , for some coisotropic submanifold Y of {X,uj). 

Proof. This is essentially a translation of the definitions of coisotropic submanifolds 
and the even function H* . We first note that T^Y being coisotropic in {TxX,ojx{x)) 
is equivalent to N*Y being isotropic in {T*X, ttx {x)) where ttx is the Poisson tensor 
associated to tox ■ Then it follows from an easy super algebra that this last statement 
is equivalent to the vanishing of the associated even function H* on A^*[l]y at each 
point X G Y. This finishes the first part of the theorem. 

For the proof of the converse, we first recall that any conic Lagrangian subman- 
ifold in T*X has the form of N*Y for some submanifold Y C X. Then the above 
argument shows that vanishing of H* on L* = iV*[l]y is equivalent to Y being 
coisotropic. This finishes the proof. □ 

Remark 9.5. Note that this lemma, as it is, applies to the coisotropic submanifolds 
in Poisson manifolds. See [We2] for the definition of coisotropic submanifolds in 
Poisson manifolds. In our case oi U C E* , ttx is nothing but P above. 

Noting that L* — N*[1]Y is mapped to L = TJF[1] under the isomorphism ujx, 
this lemma enables us to restrict the odd vector field Q to T!F[1]. We need to 
describe the Lagrangian embedding T.F[1] C T[1]X more explicitly, and describe 
the induced directional derivative acting on 

regarded as a subset of "functions" rjF[l]. (Again we refer to Appendix or [Gz] for 
the precise explanations of this). A more tensorial way of saying this is as follows: 
Noting that the Poisson tensor pairs with any section of N*!F to give zero due to 
the coisotropic condition ofY(zU, the Hamiltonian operator [GD] 

Sp ■■= [P, ■] 

restricts to ^'{J^) = T{A'{T*T)). We denote by d' this restriction. More precisely 
S' : ^'{J-) ^*{^) is given by the formula 

6'iO^{H,^}nl (9.21) 

where ^ is the extension of ^ in a neighborhood of L C T[1]X: the extension that 
we use is the lifting of ^ € ^'{^) to an element of il*{U) obtained by the (local) 
Ehresman connection constructed in sectional The condition Q|l = implies 
that this formula is independent of the choice of (local) Ehresman connection. We 
will just denote (5'(^) = {H,£^}n instead of (|9.21() as long as there is no danger of 
confusion. 

Obviously, S' satisfies S'S' = because of 5p does. Now it remains to verify that 
this is translated into the Loo relation (5(5 = in the tensorial language which is 
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exactly what we wanted to prove. For this purpose, we need to describe the map 
S' : n'{T) n'{T) more exphcitly. 

Restricting ourselves to a Darboux neighborhood L = rj^[l] C r[l][/, we iden- 
tify the neighborhood with a neighborhood of the zero section r*[l]L. Using the 
fact that H9.21|l depends only on ^, not on the extension, we will make a convenient 
choice of coordinates to write H in the Darboux neighborhood and describe how 
the derivation Q = {H, - jo acts on il*{!F) in the canonical coordinates of T*[1]L. 
In this way, we can apply the canonical quantization which provides a canonical 
correspondence between functions on "the phase space" T*[1]L and the correspond- 
ing operators acting on the functions on the "configuration space" L, when we find 
out how S' acts on r2*(J^). 

We denote by {y^,q",Pa,yi ,^0^?*) the canonical coordinates T*L, associated 
with the coordinates {y\q'^,pa) of N*!F. Note that these coordinates are noth- 
ing but the canonical coordinates oi N*Y C T*U pulled-back to TT C TU and 
its Darboux neighborhood, with the corresponding parity change: We denote the 
(super) canonical coordinates of r*[l]L associated with | Pa) by 

fv\ IK 

Here we note that the degree of j/% and Pa are while their anti-fields, i.e., those 
with * in them have degree 1. And we want to emphasize that L is given by the 
equation 

y* = Pa - = (9.22) 

and {y^,y*), {Pa,qa) and (p",(7") are conjugate variables. 
The Poisson tensor P H9.19(l becomes the even function H that has the form 

H=l^^^yfyf+ptq*S (9.23) 

in the canonical coordinates of T*[1]L. Here we define yf to be 

y* ■.= y* + Rfpi-pp^ql 



On the other hand, we have 



^;(a)E(^*J")' on TY/E 



(See H11.2|l in section later.) which is written as 



in coordinates where a — ppfp- We make replacements 

d d d 

following the canonical quantization process in the cotangent bundle, and noting 
that the derivative means the contraction by on VL*{!F). 
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Then by expanding the Poisson tensor P or the even function H above into the 
power series 

1=1 

in terms of the degree (i.e., the number of factors of odd variables {y*,p",Pa) or 
the 'ghost number' in the physics language) our definition of m exactly corresponds 
to the £-linear operator 

(6,6,- •• ,£.e) {■■■{Hi,£,i}n,---}n,£,i}n- 

Note that the above power series acting on (^i, • • • ,£,e) always reduces to a finite 
sum and so is well-defined as an operator. Then by definition, the coderivation 

oo 

S = y^me 

i=i 

precisely corresponds to S' = {H, - jo. The Loo relation S5 = Q then immediately 
follows from S'S' = 0. This finishes the proof. □ 

For example, under the above translation, the odd vector field 

mi = Q |l (9.24) 

acts on 

n~k n~k 

is translated into to the leafwise differential djr. 

10. Gauge equivalence and formality question 

In this section, based on the Lemma 14.11 we prove that two strong homotopy 
Lie algebroids we have associated to two different splittings are gauge equivalent or 
Loo-isomorphic. In fact, there exists a canonical Loo isomorphism between the two 
which depends only on -Bnoii given in Lemma l4.1l 

We first recall the definition of Loo homomorphism from [Definition 8.3.6, Fu]. 

Definition 10.1. Let (C[l],m), (C"[l],m') be Loo algebras and 5, 6' be the as- 
sociated coderivation. A sequence (p = {</5fc}fe°^i with (pk : L^fcC[l] — > C'[l] is 
said to be an Loo homomorphism if the corresponding coalgebra homomorphism 
0: EC[1] EC'[1] satisfies 

ip o S ^ 6' o if. 

We say that ip is an Loo isomorphism, if there exists a sequence of homomorphisms 
"0 = {■'/'fclfe^ii i' ■ Ef;C'[l] C"[l] such that its associated coalgebra homomor- 
phism : EC'[1] EC[1] satisfies 

o ip = idEc[i], ° ip ^ idEcm- 
ln this case, we say that two Loo algebras, (C[l],m) and (C"[l],m') are Loo isomor- 
phic. 

We refer to [Section 8.3, Fu] for more background materials on the Loo alge- 
bra and its homotopy theory, and also to [Kl] in the super language on a formal 
manifold. 



DEFORMATIONS OF COISOTROPIC SUBMANIFOLDS 



37 



Theorem 10.1. The two structures of strong homotopy Lie algebroid on TJ- Y 
induced by two choices of splitting 11, H' are canonically Loo isomorphic. 

Proof. We start with the expression of the symplectic form lou 

LUu — TT*LU — dOc 

given in 1)3. 3|l that is canonically constructed on a neighborhood U of the zero section 
E* = T*T when a splitting 11 : TY = G®T!F is provided. To highlight dependence 
on the splitting, we denote by On and wn the one form 9q and the symplectic form 
LUu. We will also denote by 6u the 5 : EC[V\ — > £^C[1] corresponding to the splitting 

n. 

Then for a given splitting Hq, we have 

ojn~ion,=d{9n,-en). (10.1) 

In the super language, this is translated into 

Hn - Hn„ = {i?no,r}o = -{T,Hn„}n (10.2) 

where T is the function associated to the one- form ^?no ^ which has deg' {T) — 
(or equivalently has deg{T) = 1). The last identity comes from the super- 
commutativity of the bracket and the fact that deg{HYio) = 2 and deg{T) = 1. 
For the simplicity of notations and also to make a connection with the more com- 
mon notation for the Gerstenhaber bracket as in Appendix, we will simply write 

{A,BU = [A,B] 

below. 

Since any odd element commutes with itself under the bracket [•,•], we have 
[r, r] = and so we have 

[[^no,r],r] = o 

by the Jacobi identity. This then in turn implies 

Hn„ + [Hn„,T] = e''''i--->{Ho) (10.3) 
where e'"'(-r> is defined by 

fc=0 

= A+[A,T] + ^[[A,r],T] + --- . 
Combining (|10.2|) and H1U.3|I . we have obtained 

iJn = e'^'^(-r)(i/nj. 

We recall the identity 

[ead(_r)^^gad(_r)^j = e'"^i-^^ [A, B] 

which can be rewritten as 

ad^f„(e"'*(-nA) = e^''i--^{adH„^A) (10.4) 
when it is applied to i? = Hyio- Now we recall from Corollarv 15 . II that we have 

(^n,, — ^n)|TE'|y = 0. 
Noting that L = TT[l] C r£'*[l]|Y, this is translated into 
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and so adr naturally restricts to the functions on L. We denote by (p : EC[1] 
EC[1] the coderivation associated to the restriction of e^'^f-^'), then (|l().4|l is pre- 
cisely translated into the identity 

This proves that ip is an Loo homoniorphisni. On the other hand, if T' is the 
function associated to the one-form 9u — On,,, then we have F' = — F and 

Huo ^Hu + [Hn,r'] = e'"'-^' (Hn). 

Now we derive 

= iA+[A,T]) + [A+[A,r],r']^A (10.5) 

for all A. Here for the last identity, we use the fact F' = — F and the identity 
[[A, F], F'] = . The latter follows by the (super)- Jacobi identity using the fact that 
both F and F' are odd, and so [F, F'] — 0. If we denote by ip' the Loo homomorphism 
associated to F', then (|10.5|) restricted to as in (|9.21|) is translated into the 

statement that ip' is the inverse of ip. This finishes the proof. □ 

This theorem then associates a canonical (Loo-)isomorphism class of strong lio- 
motopy Lie algebras to each pre-symplectic manifold and so to each coisotropic 
submanifold. It is obvious from the construction that prc-Hamiltonian diffeomor- 
phisms induce canonical isomorphism by pull-backs in our strong homotopy Lie 
algebroids. Pre-symplectic, in particular locally pre-Hamiltonian diffeomorphisms 
also induce Loo morphisms which however may not be isomorphisms in general. 
For example, they do not induce isomorphisms in H*(J-) in general, while global 
pre-Hamiltonian diffeomorphisms do. 

In the point of view of coisotropic embeddings this theorem implies that our 
strong homotopy Lie algebroids for two Hamiltonian isotopic coisotropic submani- 
folds are canonically isomorphic and so the isomorphism class of the strong homo- 
topy Lie algebroids is an invariant of coisotropic submanifolds modulo the Hamil- 
tonian isotopy. We refer to the next section for the precise explanation on the latter 
statement. 

This enables us to study the moduli problem of deformations of pre-symplectic 
structures on Y in the similar way as done in [Kl], [FOOO], [Fu]. The followings are 
several interesting questions to ask in this regard, which are analogs to Kontsevich's 
formality theorem [Kl] in our case. 

Question 10.2. (1) Is the deformation problem formal in the sense of Kont- 
sevich [Kl]? 

(2) Does the Loo structure on r2[l]*(F, w) always canonically induce an Loo 
structure on its tUi-cohomology H[l]'{Y,u;) 

0//[i]'(r,L^),{mai<,<oo^ 

with mi = 0. If not, what would be the condition for this to be the case? 

(3) If the answer is affirmative in (2), are the two Loo structures on ri[l]*(jF) 
and its cohomology H[1]*{!F) quasi-isomorphic? 
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When H'{!F) is finite dimensional, the proof of [Theorem 8.3.5, Fu] can be 
imitated and so the answer is affirmative for the questions (2) and (3) in that case. 
However in general H*{!F) will be infinite dimensional. It would be very interesting 
to see if the proof of [Theorem 8.3.5, Fu] can be generalized to the case where 
H*{J^) is infinite dimensional as in our case. 

11. Moduli problem and the Kuranishi map 

In this section, we write down the defining equation H7.6|l for the graph Graph s C 
TU C TE* to be coisotropic in a formal neighborhood, i.e., in terms of the power 
series of the section s with respect to the fiber coordinates in U . 

In this section, we will study the moduli problem of the Maurer-Cartan equation 
(|ll.l|l in the level of formal power series. With respect to this strong homotopy Lie 
algebroid constructed in section |51 the formal power series version of (|7.6|l becomes 
nothing but the Maurer-Cartan equation of [(y^)- We refer to [Gz], [GM], especially 
to [section 8.3, Fu] for more functorial formulation of the formal moduli problem. 

Theorem 11.1. The equation of the formal power series solutions F G of \7.b\ 
is given by 

oo ^ 

^-m,(r,... ,r) = onn\T) (11.1) 

1=1 

where 

oo 
k=l 

where Tk 's are sections of T*!F and e is a formal parameter. 
Proof. This immediately follows by substituting 

oo 

s^F-^e'^Ffc 

fe=0 

into (|7.6|l and expanding the matrix {lo^^) — {uJij — Sf3Ffj)~^ and comparing the 
result with the definition of 's. Here we invoke the following matrix identity 

{A - B)-^ = A-^{Id - BA-^)-^ 

for A and {A — B) invertible, and so we have 

oo 

{uj-F\s)-^ =LO-\ld- F*\s)-^ =LO-^^{F*\sY (11.2) 

where we recall := Fuj^^ from (|9.11l) . Then the proof immediately follows from 
comparing (|11.1() and the definition of and 5 = ^mi H9.17() above. □ 

Remark 11.1. (|11.1() has the following interpretation in terms of the deformation 
problem of presymplectic structures on (Y,lj): Following the notation from [Fu], 
[FOOD], we denote 

fe=0 

and write 
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We define a new family of maps 

oo -j^ 

1=1 

for fc > 1, and 

oo _j 

m^(l) :^m(e^)=^-m,(r,-- - ,r). 

1=1 ^■ 

It was shown in [Fu] (or [FOOO] for the A^o case) that the new coderivation 

oo 
i=0 

satisfies the Loo-relation 5^5^ = and so defines a weak Loo-algebra in general. By 
definition, F satisfying is equivalent to mg = 0. Therefore is precisely 

the condition for this gauge changed (weak) Loo-structure to define a strong Loo- 
structure, and is the Maurer-Cartan equation for the deformation problem of the 
corresponding presymplectic structure (y, uj) as well. 

Now, we study inductively over the degrees of the terms in the formal 

power series. Let and F e H^{!F) and 

oo 
k=l 

We fix a class a E H^{Y, ui) and attempt to find F that satisfies Hll.l|l in the formal 
power series and that djriTi) — and [Fi] = a e H^{Y,uj). 

For the sake of convenience, we will call k the order of the formal power series. 
Obviously the lowest order term of Hll.l|l is 

mi(Fi) =d^(Fi) = 0, 

whose solution we assume is given in the class a E H^iY, uj). Given Fi, the equation 
of the next order is 

mi(F2) + im2(Fi,Fi) = 0. (11.3) 

From the Loo-relation, we know that mi is a derivation with respect to m2. There- 
fore we have 

d^(m2(Fi,Fi)) =0 in 

since dj^iVi) = 0. If we assume [Tn2(Fi,Fi)] = in iL^(y, cj), then there exists F2 
such that 

mi(F2) + im2(Fi,Fi) =0. 

We set F^ = Fi + F2 which will then solve up to the order of 2. We can 

repeat this process inductively over the degree k to produce a solution 

k 

F*^ = ^ eT, 

i=0 

up to the order of k and then take the limit 

00 

F= hm F''-=y£^F, 

1=1 
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provided the obstruction class vanishes in each step. We remark that all the ob- 
struction classes lie in the second cohoniology (F, lo) . The limit exists as a formal 
power series (or converges in the non- Archimedean topology induced by the degrees 
of £^). This proves the following general theorem. 

Theorem 11.2. Let T he the null foliation of (Y,lu) and I — (S^^il^ be the associ- 
ated complex. Suppose that H'^(Y, = {0}, i.e, any J- -closed two form is J- -exact. 
Then for any given class a G H^{Y, uj). 1^11.1}} has a solution T = X]fc°=i ^''^k such 
that djr(Ti) — and [Ti] = a G H^(Y,uj). In other words, the formal moduli 
problem is unobstructed. 

Question 11.2. Is it the case that whenever the formal moduli problem is unob- 
structed, the corresponding C°° moduli problem is unobstructed? In other words, 
does the formal power series obtained in the unobstructed case converge? 

We will investigate this question elsewhere. 

Definition 11.3. A pre-symplectic manifold {Y,uj) is called unobstructed (resp. 
formally unobstructed) if the corresponding moduli problem (resp. formal mod- 
uli problem) is unobstructed. Otherwise it is called obstructed (resp. formally 
obstructed). 

Corollary 11.3. Let (YjUj) have the nullity 1, i.e., rank_E* = 1. The moduli 
problem is unobstructed. 

In fact, it is easy to see that in this hypersurface case, the genuine C°° deforma- 
tion problem is also unobstructed. Therefore the first non-trivial case will be the 
one {Y,uj) with nullity 2. 

We first provide a simple criterion for non-solvability of the Maurer-Cartan equa- 
tion. We denote by 

the set of djr-closed ^- forms (respectively by B^{Y, iv) the set of djr-ex&ct one forms. 
Since dyr = mi is the derivation of m2, the bilinear map 

[1 = -^e = nHT); Ti ^ m2(ri,ri) 

canonically induces the map 

Kr : H\Y,u) -> H\Y,lo)- [Fi] [m2(ri,ri)], 

where [•] is the cohoniology class associated to the given djr-closed form. This is 
a version of the Kuranishi map for this deformation problem which serves as the 
primary obstruction to the deformation. The pairing 

H\Y,oj)®H\Y,Lo) ^ H\Y,u:)- ([F], [T']) ^ [m2(r,r')] 

is a special case of the so-called Gerstenhaber bracket [Ge] . 

Theorem 11.4. Let a e H^{Y,lu) such that Kr{a) ^ in H'^{Y,lu). Then there 
is no solution 

oo 

i=i 

for fll.lp with [Ti] — a. In particular, there is no smooth isotopy Yt C {X,u}) of 
coisotropic emheddings with 

Y^^Y, ^ Yt^Vi. 
at t=o 
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One particular case is worth of mentioning 

Corollary 11.5. Suppose that all rrife = for fc > 3. Then a € (Y, uj) is formally 
unobstructed if and only if Kr{a) = 0. 

Example 11.4. Wc will analyze the example studied by M. Zambon [Za] in 
the light of Theorem 111.41 This example illustrates that the space of C^-close 
coisotropic submanifolds modulo the Hamiltonian isotopy is not smooth at the 
Hamiltonian isotopy class of the torus. Let {Y, oj) be the standard 4-torus T* = 
W^/Z'^ with coordinates (y^, y'^,q^,q'^) with the closed two form 

UJy ~ dy^ A dy^. 

Note that the null foliation is provided by the 2-tori 

{y^ — const, = const}, 

and it also carries the transverse foliation given by 

{q^ = const, q^ = const}. 

The canonical symplectic thickening is given by 

E* = T'' X R2 = X T*{T'^), 

w = dy^ hdy"^ + {dq^ hdp^ + dq^ hdp^), 

where , p^ are the canonical conjugate coordinates of q^, q^. It follows that the 
transverse curvature F = and so all = for £ > 3 and the Maurer-Cartan 
equation Hll.l|) becomes the quadratic equation 

rf^(r) + ^{r,r} = o (ii.4) 

where {•, •} = m2 given by the formula in below. In particular we have 

/ {r,r} = o (11.5) 

for any solution F of (|11.4|) . It is easy to compute 

H°{Y,u;) 9i C°°{T^), 

H\Y,uj) ^ C'°{T^){9\0^}, 

H^{Y,uj) ^ C'°iT^){9^ Ad^}, 

where 9^ = [dg*] £ H^{Y, uj). We consider a one form F = ai{y, q)dq^ + a2{y, q)dq^ 
that is djr-closeA, i.e., satisfies 

dq^ dq^ 

The map Kr : H^{Y,uj) — > H'^{Y,uj) is induced by the bilinear map 

F^m2(F,F), 
which can be written in coordinates as 

ai{y,q)dq^ +a2{y,q)dq^ {ai,a2}ydq^ A dq^ , (11.6) 
where the bracket is defined by 

W,a2},= ((^^)-(^^)j. (11.7) 
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Therefore any infinitesimal deformation T with the non-vanishing integration over 
the fiber S(j/i,j/2) = 

/ {ai,a2}ydq^ Adq^ j^O 

will be obstructed. For example, one can take 

r = sm{2'Ky^)dq^ + sm{2'Ky'^)dq^ , 
which is the example Zambon looked at. In this case, we have 

J {ai,a2}ydq^ A dq^ = — 4??^ cos 277?/^ cos27r?/^ ^ 0. 

In the next section, we study a more non-trivial example where the structure of 
null foliations becomes more complicated. 

12. An example 

In this section, we analyze one parameter family of examples {Ya,LOa) from the 
mechanics of harmonic oscillator. From the analysis of this example, it is manifest 
that the deformation problem of coisotropic submanifolds is closely tied to the 
geometry and dynamics of the null foliation. A systematic study of geometry of 
coisotropic submanifolds in terms of geometry of the foliation theory will be carried 
out elsewhere. 

Consider the harmonic oscillator 

H^li\Q\'+m 

on the phase space T*R^ ^ ^^^^^ Q = {Q^,Q^, Q^) and P = (P^, P^, p3) are 
the position and momentum coordinates. We can write 

H = Hi + H2 + -ff 3 , 

where Hi are the one dimensional harmonic oscillator Hamiltonians 

Hi = ^{{Q'f + {P'f), i = l,2,3. 

It follows that {H,Hi} = {Hi,Hj} = where {•, •} is the canonical Poisson bracket. 
We fix two constants a, /3 > such that 

a>l, 0<(3<^, 

and consider the submanifold l^^/j C 5^ C defined by 

Yc.,p = {{q,p) e I H{q,p) = i (Fi + aH2){q,p) = /?}. 

It is easy to see that these provide two parameter family of smooth coisotropic 
submanifolds of whose images are all contained in the unit sphere H~^{l/2). 
To simplify the discussion, we fix /3 = ^ and denote 

Yc. ■■= 1^x1/4, := Hi + aH2. 

It is straightforward to cilic'c-k that the Hamiltonian vector fields Xh and Xh„ arc 
linearly independent everywhere on and so the characteristic distribution is given 

by 

E = spa.n^{XH, Xr^ } 
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which is a trivial bundle. In particular all leaves are orientable. We recall 
Fa - {(g, P) e I |Q|2 + |P|2 = 1, iJi + ai?2 = 7}. 



On Ya, we derive 



Since i/i, i?2 > 0, we have obtained the bound 

We will denote by £i the value of the corresponding Hi. For j < < ^f^, -^3 
are regular on Ya and i?3'^(^3) is a 3-torus 

where £i, i — 1, 2 are given by the formula (|12.1|) for a given £3. It follows that 
leaves of the null foliation on the open subset H^^{j, ^f^) C Y^ are generated by 

{(l,l,l),(l,a,0)} 

in the rectangularpid [0,27r] x [0,27r] x [0, 27r]. Note that this family of lines is 
uniquely determined by a and £3. 

When a is rational, then all the leaves are compact. When a is irrational, all 
the leaves are non-compact. They are all immersions of R x S*-*^ are dense in the 
three torus iJ^^(^3), £3 ^ j, which are invariant under the Hopf action of 

on YaC S'^ C C^. 

When £3 = i, we have £2 = and £1 = j. Hence {(Q, P) e Ya \ £3 — j} consists 
of the unique leaf which is nothing but 

5i(-i=)x{(0,0)}x5i(i=). 

Similarly when £3 = ^f^, we have £1 = and £2 = and hence {{Q, P) G Yq | 
£3 = 2|;ii} is the torus 



{(0,0)}x5i(-l=)x5i(^2" ^ 



4a 

Now we compute the transverse curvature of the leaves. For this we consider the 
canonical splitting provided by the complex structure on = C^. In other words, 
we choose the splitting TY = G® E with G given by 

G = (-Be js)-^, 

where _L is the Euclidean orthogonal complement and J denote the standard com- 
plex structure on C'^. We choose coordinates (y^, y'^,q^,q^) of Ya by the functions 

a 





= aQx - 02 




- H3, 












= 01 + 062 
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Here {ri,r2,r3,9i, 62,0s) is the polar coordinates of and we have chosen y^, 
so that the leaves of the null foliation are given by 

{yi = const, = const}. 

A straightforward calculation leads to 

a— 14 a — 1 4 

We derive 

1 + 
1 + 

^3 = 9^ 
Therefore is parameterized by 

(.^e^C^^+^^r^e^^'^+^^rae^'^) (12.5) 

in this coordinates, where wc note = \J2Li. From this, we derive 

d _ ad 1 ^ _ 1 XT 

dy^ ~ l + ^dfx~l + ^df2~l + ^ 

d _ aid lid Id 

dy^ 2(a — 1) n dr\ 2{a — 1) r2 9r2 2r3 5r3 ' 

d_ _ d_ d_ d _ 

d^ ~ 'dfi^df2^dfz~ 

d I d a d I 

df " TT^Wi^ir^m^TTa^ 

We consider the orthogonal splitting TY = G (B E with respect the induced metric 
on Ya from the Euclidean metric on R^. A calculation shows 

„ ( a d I d d } 

G = span«|--^— + -^ — ,— I 

_ (ad I d d ^ 

= span^l-— — + — — 

A straightforward but lengthy calculation gives 

G = spanR{ei,e2}, 

where 

d a{Hi-H2) d 



ei 



dy^ a^H2 + Hi dq^ ' 
d 



dy^ ' 

Hence we have the matrix ) given by 



i?^ = 0, ^i = -^^^-f^' i?}=i?? = 0. (12.7) 
a'^ri2 + ni 
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Noting that Hi's are functions of alone in (|12.1(l . it follows from l4.8l tliat F,l^ = 0, 
which can be also seen from the observation that the chosen splitting G is also 
integrable. This proves 

rrifc = for all fc > 3, 

and the corresponding homotopy algebra reduces a differential graded Lie algebra. 
A straightforward calculation also shows 

^\y^ = ^ ,M A dy^ (12.8) 

onY^\H-'i\)UH-\'-^).^ 

Finally we study the Kuranishi map 

Kr : H\Yc,,LUa) ^ H\Y^,LUay, [T] ^ [m2(r,r)], 

where F is djr-closed one form. We first need to characterize the set of djF-closed one 
forms. Recalling that E = span^jX^f . X//^ }, we represent E* = {/i,/2} where 
{ /]*,/!} is the dual frame of {Xh,Xh^}- Let 

F = Af* + Bf; 

be a one form in ft^{J^) where A, B are globally defined function on Y^. From the 
definition of djr, we have 

d^(F) = {Xh{B) - XhAA))^ a fl 

Therefore F is djr-closed if and only if 

Xh{B)=XhM)- (12-9) 
On the other hand, for any smooth function C E C°°{Ya), we have 

dAC) = XH[c]f* + XHAC]f;. 

We will compute H^{Y,uj) and H'^{Y,uj) and study the Kuranishi map 

Kr : H^iY,Lu) -> H^{Y,uj). 

12.1. Symplectic reduction and integration over fibers. We first apply the 
symplectic reduction with respect to the Hopf action of which induces the fol- 
lowing commutative diagram 

r„ 5*5 c C3 \ {0} 

_ i TTl I TTl 

We win denote by uj the reduced symplectic form on H^^{^)/S^ = S^/S^ = CP^ 
which is nothing but the standard Fubini-Study form, and by the induced pre- 
symplectic form on Ya C CP^. Since Ha is invariant under the Hopf action, it 
projects down to a function Ha on Ya- 

Ya C CP^ is a hypersurface for which the induced null foliation !F on Ya are 
given by T,/S^ for each E is a leaf of In fact, we have the obvious one-one 
correspondence 

Ya/^=Ya/^. 

Furthermore is given by 



d^if)^X^Jf]f, 



2 
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for / e C°°{Ya) where is the push-forward of to Ya. We denote by 
the integration over fibers defined by 



i7riUAfi+Bf;){y)= AJl (12.10) 

It is easy to check the identity 

o (vTi), = (tti), O djr 
and so (tti)* induces a natural honiomorphism 

Similarly we define 

(tTi)* : VL^{Ya,UJa) Vt^{Ya,Ula) 

......HI -n, 

which again intertwines djr and and so induces the honiomorphism 

{iri), : H^Ya,,u;^) ^ H'{Y^,^^). 

Since the spaces of leaves Ya/ ^ and Ya/ ^ are isomorphic, it is easy to check 
that 

{tti), : H^{Ya,u;a) ^ H'{Ya,^a) 
is an isomorphism. We next quote the following general theorem by Haefliger 
[Ha] . Here f2* {TrT) is the topological differential graded vector space of forms on 
T / H , where H is the holonomy pseudogroup induced on a complete transversal 
submanifold T . Since we will not use the theorem except the presence of the 
isomorphism H12.12() . we refer readers to [Ha] for more detailed explanation. 

Theorem 12.1. [Theorem 3.1, Ha] Let T he a foliation on X with leaves of 
dimension p, and assume that the tangent bundle to the leaves is oriented. Then 
there is a continuous open surjective linear map 

which commutes with djr. And it induces an isomorphism 

J : ffP(J^) ^ 17"(TrJ^). (12.12) 

Since we have the isomorphism 

17"(Tr J^) ^ n"{TT^) (12.13) 

which obviously follows from the fact that the spaces of leaves Va/ ~ and Ya/ ^ 
are isomorphic, 

TT,:H^{Ya,UJa)-^H\Ya,Lia) 

is an isomorphism. It is also known [Ha] that VP{TrT) is naturally isomorphic 
to C°°{Y/ ~) when the leaf space Y/ ~ is an orbifold. One can also prove these 
statements directly without referring to the above result from [Ha] . We did this to 
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illustrate a connection of the current deformation problem to the foliation theory. 
A more systematic study in this regard will be carried out elsewhere in the future. 

From now on we treat two cases, a rational and irrational, separately. We will 
postpone the study of irrational case to a future work. 

12.2. The rational case. We first note that the foliation is generated by the 
closed one forms 

dy^ = adOi - - ^-^dOz 

a 

dy^ = dHs. 

Both are globally well-defined and the period group is given by 

P spa.nMHHiiYa,Z)),dy^{Hi{Y^,Z))} = span^ |a,-i±^|. 

Suppose that a is rational and a — ^ with relatively prime integers p, q. The 
period group P of J-" is generated by 



and so 



If we denote 



L qp 

L gcd{p'^,-pq,-q^} 



M qp 

with L, M relatively prime to each other, then the local holonomy group is trivial 

and H-\'-^ 



except the two leaves ^(i) and H.^ "'"( ^" ^ ) at which the holonomy groups are 



finite cyclic groups. 

It turns out that the leaf space Yq,/ '--^ is a compact Hausdorff symplectic orbifold 
induced by the canonical transverse symplectic form. There are two orbifold points 
mentioned above. We denote them hy z~ , G Ya / ^ respectively. See [Sa] for the 
definition of orbifolds (or V-manifolds) and [We3] for the definition of symplectic 
orbifolds (or symplectic V-manifolds). 

Now we describe the leaf space more precisely. It remains to study local structure 
near the two orbifold points z±. Around the leaf Hs^ij), we choose coordinates 

{H2,92,q\q^) 

where q^, q^ are the ones as before. It follows from H12.1|l 

= aq^ + {1 + a^)q^ ~ {1 + a^)e2 (12.14) 
y' = {a~l)H2 + ^ (12.15) 



and so 



dH2 ' 'dy^' 002 ' 'dy^ 
Substituting this into H12.8|l . we derive 

^\y^ = (1 + a^)dH2 A de2 = (1 + a^)r2dr2 A ^6*2 



DEFORMATIONS OF COISOTROPIC SUBMANIFOLDS 



49 



Recall that (y^, y^) parameterizes the leaf space around zi and two leaves parame- 
terized by (y^,y'^) and {Y^,Y'^) coincide if and only if 

In the coordinates the latter condition is equivalent to 

2n 



-(1 + a^)6'2 = -(1 + a'')e2 mod 27r 6I2 = 62 mod 



1 

Therefore the local chart of Y^/ ~ is given by the non-flat cone 
if we denote 

1 L_ 



1 + M_ 

with L_, M_ relatively prime. Note that the symplectic form is certainly invariant 
under the linear action by Zm_ ■ Similar computation can be carried out at the leaf 
2:+ = H^^{ ^'^~^ ) using the coordinates 

and have the symplectic form 

1 + 1 + 
u} = T^dHi A d9i = 5 — ridri A d9i. 

This time the holonomy group is Zf^j^ where we write 

a L+ 

for relatively prime integers i+, Af+. It is easy to see that the Ya/ ^ is topologically 
sphere. We denote the corresponding symplectic orbifold by 

In fact in the rational case, the flows of H and Ha generate two circle actions which 
commute each other and so defines a torus action. The leaves of the null foliation 
are then just the orbits of this torus action and defines a fibration over S^- See 
(|12.5|l . We denote by C°°{S'^) the set of smooth functions on the orbifold S^- Then 
we have 

Proposition 12.2. [2nd Cohomology] When a > I is rational, we have 

Proof. This follows from H12.12l) - (|12.13|) and from the remark right after Theorem 
[TO □ 

We next analyze H^{Ya,uJa)- We consider an open covering of 5^ = i)+ U 
where is a neighborhood of the two orbifold points such that _D+ n is 
diffeomorphic to x (— e,e). We denote 

Y^^n-\Dt) 
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which provides a covering Ya — U Y^ . We emphasize that both are orb- 
ifolds difTeomorphic to D'^/Zm± respectively. We then consider the Mayer- Vietoris 
sequence 

^ H"iY+nY-,u;c.)'^H\Y^,u;c)'^ 

^ HHY+,uJo.)®H\Y-,uj^) ^ H\Y+ n y-,cj„) ^ H\Y,,,u;,,) ^ 
From this exact sequence, we have derived 

H\Yc„LUa)=im6°®keTP^ (12.16) 
We now describe the two summands more exphcitly. We note that the forms 

/* 
1 J /2 

are leafwise closed, and invariant under the torus action and also under the ho- 
lonomy. We denote the corresponding cohomology class thereof by aj = [/*] e 
H^{Ya,uJa). Then the above discussion gives rise to 

H\Y+nY-,LOo,) ^ C°°{S^){a\a^} 
H\Y+,uj^) - C^{Dl){a\a^} 
H\Y-,LO^) - C°^{D-){a\a'} 



Furthermore again from the above exact sequence, we have 

ker/?i = H\Y+,LO^) x Hiiv+nY- .^^) H\Y-,lo„) = C°°iSl){a\a^} (12.17) 

where the middle term is the obvious fiber product. This finishes the description 
of the first cohomology. We summarize our discussion into 

Proposition 12.3. [1st Cohomology] Let a > 1 be rational. Then we have the 
isomorphism 

H\Ya,,uJa) = ker/3i®im(5° 

= C°°{Sl){a\a^}®imS''. 

Next we study the Gerstenhaber bracket [•, •] and the Kuranishi map 

Proposition 12.4. [Gerstenhaber bracket and Kuranishi map] Under the 
isomorphisms in Theorem M2JA and Theorem \12.'A the Gerstenhaber bracket is given 
by 

[7,77] = (12.18) 

for all 7 G H^{Ya, uta) o^nd rj E im S'^ and 

[71,72] = i{gi,h2}a.0Tr)a^ Aa^ (12.19) 

where Tj = gja^ + hja'^, j ^ 1, 2 and gj, hj E C°°{S'^), and {•, •}„ is the Poisson 
bracket on S'^ . In particular, the Kuranishi map Kr is given by the formula 

Kr{T) = {{g,h}aon)a^ A 

for r — ga^ + ha^ . 
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Proof. We first note that kera^ = im S*^: any element a lying in im (5*^ C H^{Y, uja) 
is represented by a leafwise one form a determined by 

{dgj_ on 
dg- on Y 

such that i\g+ — i*Lg- ~ f for some leafwise constant function / or equivalently 
for / satisfying djr[f) = on y+ n Y^. Using this representation of an element 
from im 5^ and Theorem 9.3, which states that djp is a derivation of {•, - jn because 
i^n = 0, it is easy to verify H12.18(l . 

For the proof of H12.19(l . we use the isomorphism H12.17(l and the definition of 
the bracket {•, - jn, the details of which we omit. This finishes the proof. □ 

Using this proposition, if we choose any smooth function a, 6 G C°°{S'^) with 
{a, b}g2 ^0 and set F = (a o tt)/* + {b o 7r)/|, then we derive 

J^{T,T}n = {a,b}s2^0. 

Here tt : ^ Ya/ ~ is the obvious projection. Therefore the cohomology class 
a € H^{Y,u!) is obstructed. We summarize the above discussion into the following 
theorem. 

Theorem 12.5. Let a > 1 be rational. Then the coisotropic submanifold Ya C 
or equivalently the presymplectic manifold (Ya,uJa) is obstructed. 

Remark 12.1. In the irrational case of a, the flow of X^^ does not generate a 
circle action, and there is no simple analog of the second projection 

n2:Ya^Ya/Sjf^. 

Analysis of the first cohomology H^{Ya,uJa) for the irrational case requires a fair 
amount of general foliation theory, whose study we will postpone to a separate 
paper elsewhere. 

13. Appendix: Description in the super or graded language 

In this appendix, we will provide a more physical description of our deformation 
problem in the context of Batalin-Vilkovisky formalism of supermanifolds. Because 
of this, we will not attempt to make our discussion completely rigorous in the 
mathematical sense in this appendix. However most of the discussions except few 
explicitly stated conjectures can be made mathematically rigorous, which we post- 
pone to a future work. We already gave one such example in the proof of Theorem 
19.41 in section 8. 

We will also describe the formal deformation space of the strong homotopy Lie 
algebra i'(Yuj-n)- refer readers to [OP] for more explanation of the BV formalism 
and for an off-shell description of the A-model of topological sigma models. We 
refer to [AKSZ] for a similar approach to the closed A-model (the Gromov-Witten 
theory) on Kahler manifold. 

We shall interpret general open string ^-model as a machine to quantize the 
algebra of functions on L = Hi? as an Aoo-algebra or, equivalently, as an 1-algebra 
in the sense of Kontsevich [K2] . First we review the basic set up for the quantization 
of the 1-algebra presented as in [OP], following [PI], [P2]. Then we shall show 
how a coisotropic submanifold naturally arises as the general boundary condition 
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for the open string A-model and that deformations of the coisotropic submanifold 
correspond to boundary deformations of the open string A-model. 

Let L be a smooth Z-graded space over C and let [ be the super-commutative 
ring of functions on L. As an abeUan group we have a direct sum decomposition 
( = ffirJn, where l„ is the maximal subspace of I consisting of degree n functions. In 
this appendix, we will use the complex without shift of grading. Then we have super- 
commutative (and associative) product with degree such that, for homogenous 
element 71 , 72 G I 

7i72-(-l)'''^"^=427i =0, 

where I7I denotes the parity of 7 defined by degree{'y) mod 2. Let T*[1]L be the 
total space of the twisted by degree 1 cotangent bundle to L and let t be the 
super-commutative (and associative) ring of functions on it. We have a direct sum 
decompositions t = (BeU of C as an abelian group and super-commutative (and 
associative) product with degree 0. Note that there is an odd symplectic structure 
n on T*[1]L induced from the canonical symplectic structure of the total space of 
tangent bundle T*L to L 

Definition 13.1. The pair (t, [•, •]), where [•, •] : ie^ (gt^j — > t^j+^j-i is the graded 

Poisson bracket of degree —1 induced from the canonical symplectic form of 
degree 1 on T*[1]L, is called the structure of symplectic 2-algebra on T*[1]L or on 
t. For any homogeneous elements A,B,CGi 

(1) super-commutativity 

[A,B] = -(-l)(l^l+i)(l^l+i)[B,A] 

(2) super-Jacobi 

[A,[B,C]] = [[A,B],C] + {-lY\^\+'^(\^\+'^[B,[A,C]] 

(3) super-Leibnitz 

[A, B-C] = [A, B]C + (-l)(l^l+^)l^lB[A, C] 

(4) linearity 

[A, B + C]^ [A, B] + [A, C] 

Corollary 13.1. The sym,plectic 2-algebra (t, [•,•]) is a Gerstenhaber algebra 

Corollary 13.2. The bracket [•,•], after forgetting the product, induces a structure 
of Lie algebra on i\; 

[;•] : ti Oti — > ti. 

From the corollary above we have degree preserving adjoint action ad(^_g-^{A) = 
[A, B] by an element S G ti on any homogeneous element A G i and the associated 
transformation 

gac((_B) ^ + B] + BIB] + ..., 

The above does not make sense unless the Lie algebra is nilpotent, otherwise we 
may tensor it with suitable Artinian ring [Ge]. Then 

[e'"^(-«)(yli),e'"'(-^)(^2)] = e'"'(-«)([Ai,A2]). 

We remark that the adjoint action e"'*^, for B G ti is equivalent to a degree 
preserving canonical transformation connected to the identity. 



DEFORMATIONS OF COISOTROPIC SUBMANIFOLDS 



53 



Note that any odd element in t automatically commutes with itself on the 
bracket, while the condition that an even element commutes with itself on the 
bracket is non-trivial. 

We say there is a structure of weak homotopy Lie 1-algehroid on [ or on L if 
there exist a non- vanishing element -ff €E t2 satisfying H\ = Q. Two structures 
H and H' of weak homotopy Lie 1-algebroid on L are defined to be equivalent if 
there exists some B e such that H' = e'"^^{H). 

Consider a natural C* action of weight 1 on the fiber, over the zero section L, 
of T*[1]L such that the degree 1 symplectic form on r*[l]L has weight 1. For 
given H above, we may expand it as 

oo 

H = Y,Hi 

e=o 

in the neighborhood of L according to the integral weight n of the C* action. We 
may identify Hq above as the restriction H\i^ oi H to h. 

A structure of strong homotopy Lie 1-algebroid on L or on [ is defined by an 
element _ff G t2 satisfying 

[H,H] = 0, H|l = 0. 

Consider a structure H of strong homotopy Lie 1-algebroid on L which has a de- 
composition 

oo 

1=1 

according to the weights of the representation of C* mentioned above. The equation 
[H, H] =Q has the corresponding decompositions 

[HuH^] - 0, 
[Hi.H^] = 0, 

: (13.1) 

etc. For a given Hn in the sequence {Hi, H2, . . .) of above we can associate ri-multi- 
linear map m„ of degree 2 — n; 

m„ : [®" ^ [ 

by, for any set 71 , . . . , 7„ of homogenous elements of I 

m„(7i, . . . ,7„) [[• • • [i?„,7i], • • •],7n] 

Then the relation (|13.1I) together with the super- Jacobi identity of the bracket 
[•, •] implies that (mi, m2, ms, . . .) satisfies the relation equivalent to that of strong 
homotopy Lie algebra (Loo-algebra in short). 

Remark 13.2. Our definition includes the standard notion of the Lie algebroid as 
a special shown below. Consider a smooth manifold M and a vector bundle 

E over M. Let L = HE be the total space of E after applying twisting functor 11 by 
degree 1 to the fiber. Let {x^} be local coordinates on X, {ca} be a local frame on E 
and {e"} be the dual frame. Then we may identify {x^ , c" :— He"} as a coordinate 
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system on HE. Consider T*[1]L with Darboux coordinates {x''^, c"|x/, Cc} with 
degree {0, 1|1,0} and the canonical degree 1-symplectic structure 

fl = dxidx^ + dcadc". 

Now consider H Gi2 given by 

H = c«r(x)„^x/ + lc{x)c,fs^c''c^e^ 

Then the condition [H, H] = means that (F^^, Ca^^) are the anchor and structure 
function of Lie algebroid. Note that H\i, = 0. Let a = s"ea and r = r^e^ by any 
sections of E and let g be a smooth function on M then 

[[H, c7],gT] = ^"r„^^ + g ■ C^^-'cT^T^e^. 

The graded supercommutative algebra [ functions on L is isomorphic the exterior 
algebra of E differential forms. The corresponding E differential operator is given 
by Q = [H, . . .] restricted to L; 



Note that H ~ Hi and, thus, m2 = tns = . . . = 0. 

Two structures H and H' of strong homotopy Lie 1-algebroid on L are equivalent 
if they are related by the adjoint action of /3 e ti satisfying = 0. Note that 
such an adjoint action preserves the conditions H\i^ = H'\i, = 0, and equivalent to 
a change of Lagrangian complimentary in r*[l]L. 

Let r e C ti and let = e°''^'^{H) denotes the resulting c:anonical transfor- 
mations of H. Then it is obvious that [H^ ,H^] = 0, while H^\ti 7^ in general. 
For each F leading to H^\h = we have another structure of strong homotopy Lie 
1-algebroid on L. The condition H^\l = is equivalent to Maurer-Cartan equation 



1 

$^-m,(r,...,r) = 0. (13.2) 

e=i 

Now we explain how the above general story is relevant to our subject. 

We consider a symplectic manifold {X,u)x) and the graded space r[l]X, which 
is the total space of twisted by the degree 1 tangent bundle to X where U is the 
degree or the ghost number. Let t = ©^"gt^ be the Z-graded supercommutative 
algebra of smooth functions on T[1]X. The algebra t is isomorphic to the exterior 
algebra of differential forms on X, such that il'^{X) ~ and the wedge product is 
replaced with the supercommutative product. The exterior derivative induces an 
odd degree 1 vector field Q on r[l]X such that Q : tfc ^ t^+i and = 0. Thus we 
have a structure of differential graded algebra (t, Q, •). The cohomology of (t, Q, •) 
is isomorphic to de Rham cohomology of X. The symplectic structure lox on X 
induces a degree 1 (odd) symplectic form Cl on T[1]X via the standard isomorphism 
TX T*X together with the twisting. Thus we have a structure of symplectic 
2-algebra on T[1]X by the pair (t, [•,•]), we the degree —1 (odd) Poisson bracket 
is defined by O. The above bracket is equivalent to Koszul bracket, which is the 
covariant version Schouten-Nijenhuis bracket [Ko]. 
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There exists an element H G I2, which is isomorphic to the symplcctic form u)x- 
Using the closedness of w, it is not difficult to check the following identities 

[H,H] =0, Q= \H, ]. 

Thus Q, isomorphic to the exterior derivative, is realized as the Hamiltonian vector 
field of the function H. 

Remark 13.3. It is instructive to give a coordinate representation of above. We 

introduce a local coordinates {.x^}, / = 1, . . . , 2n, on X . Wc denote the correspond- 
ing fiber coordinates on T[1]X by {il^^} carrying the degree 1. Then Q = tp^ 
In the sense of ordinary geometry, tp^ is nothing but dx^ considered as a fiberwise 
linear function on T[1]X. Now the symplectic structure u) = ^uiijdx^ A dx"^ on X 
induces a non-degenerate function 

H = ^u)ij^'i)-^ e t2 

of degree 2 on T[1]X. Thus the condition dujx = is equivalent to QH = 0. The 
symplectic structure lox on X induces a degree U = 1 symplectic form 

Q = d{ijjij'il)^)dx'' 

on r[l]X and such that the corresponding graded Poisson bi- vector on T[1]X is 
given by 

which define the graded Poisson bracket [•,•]. One may check [H,H\ = and 
Q = [H, •] by an explicit computation. 

Let L be a Lagrangian subspace of (T[1]X, ri). Then the following is easy to see 
from the form of the Hamiltonian H in coordinates. 

Lemma 13.3. Any (conic) Lagrangian subspace L satisfying = is equivalent 
to HE = I1{TY)'^ , where Y is a coisotropic submanifold of X and HE is the total 
space of E after twisting the fiber by 1 . 

Consequently each coisotropic submanifold Y <Z X inherits a structure of strong 
homotopy Lie 1-algebroid induced from the symplectic structure of X, and the (for- 
mal) deformation problem of coisotropic submanifold is equivalent to that of strong 
homotopy Lie 1-algebroid. We remark that [ = ®[, is isomorphic to ®T{f\*E*) and 
in particular P e [1 is isomorphic to P(£'*). The condition -ff'^lL = can be identi- 
fied with H\ir = where is the graph of Lagrangian subspace generated by P. 
Thus the condition H^\i^ = Q means is given by UE' = Il{TY')'^, where Y' is 
another coisotropic submanifold. 

It is also natural to consider extended deformations of coisotropic submanifold. 
Let us consider a graded Artin ring with maximal ideal 0; 

a = a, 

-(n-k)<j<l 

where (n - k) is the rank E = {TY)'^. Let T e ([ O a)i. Then the condition 

00 -J 

H^\^ = adr{H) = ^ -m,(T, . . . , T) = 
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may be regarded as the condition for the extended deformations of coisotropic 
submanifold Y. 

We note that the deformation problem of coisotropic submanifold is obstructed 
in general. On the other hand our setting allows us to consider an extended defor- 
mation problem allowing both T and H to vary. It may turn out that this extended 
deformation problem could be unobstructed. This is a subject of future study. 

Now we like to motivate the problem of quantization of coisotropic submanifold. 
We begin with recalling a lemma of Kontsevich [K2] stating 

The cohomology of the Hochschild complex of the algebra of func- 
tions v4i(L) on L, regarded as an 1-algebra, is isomorphic to the 
space i of functions on r*[l]L. 

In the spirit of the above lemma, we may regard a structure H of strong homotopy 
Lie 1-algebroid is an element of the 1st cohomology of Hochschild complex of Ai(L), 
which is the 1st order deformations of v4i(L) as a strong homotopy associative (Aoo 
in short) algebra (or simply as an 1-algebra). In the spirit of Kontsevich's formality 
theorem [Kl], we may define the quantization of the 1-algebra Ai(L) as a quasi- 
isomorphism between the Hochschild complex of Ai (L) and its cohomology. 

Open string or quantum field theory in a two-dimensional manifold with bound- 
ary may be regarded as a universal machine to quantize the 1-algebra. The following 
can be shown 

For each structure H of the strong homotopy Lie 1-algebroid on 
any L there exists a pre-quantum field theory in two-dimension 
with boundary, whose boundary condition is defined in terms of L, 
depending on the topology of two-manifolds, so that it satisfies the 
classical BV master equation. 

In particular the set of solutions of H13.2(l . modulo equivalence, is isomorphic to the 
moduli space of boundary interactions. 

The second named author [P2] called such a QFT as an open 1-braneoid. Assume 
that the resulting QFT actually satisfies the quantum BV master equation. Then 
a conjecture is that the path integral generates a quasi-isomorphism between the 
Hochschild complex of Ai (L) and its cohomology. 

Now we may interpret the open string A-model with the coisotropic boundary 
condition as a machine to quantize the algebra of functions on L = HE as an ^oo- 
algebra. We may simply call the problem as quantization of a coisotropic subman- 
ifold y on a symplectic manifold X. In [OP] we shall see that the genus zero open 
string A-model governs the maps $ : T[1]D T[1]X satisfying ^{T[l]{dD)) C 
L = HE. Then the path integral is formally defined as an integral over an (infinite 
dimensional) Lagrangian subspace of the space all maps $ determined by conformal 
structure on D and an almost complex structure on X. 

Example 13.4. Let Y — X, then h = X and ^ only for ^ = 2 such that TO2 is 
the usual Poisson bracket on X, and consider the zero-instanton sector governed by 
constant maps of the A-model. Then the quantization problem is nothing but that 
of X as a Poisson manifold. This is the original context of Kontsevich's formality 
theorem [Kl], as interpreted in the path integral approach of [CFl]. What is the 
result after including instanton corrections even in this case? 
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We conjecture, which can be justified at the physical level of rigor, that the 
Hochschild complex of Ai{h = HE) is quasi-isoniorphic to its cohomology. The 
above conjecture is based on the following fact. 

There exist a degree —1 odd differential operator A; A : ^ ti^i 
satisfying A^ = and generates the bracket [•, •] such that 

AH = AH'^ = 0. 

The above properties can be used to formally show that the open string ^-model 
with coisotropic boundary condition actually satisfies the quantum BV master equa- 
tion, which implies that the path integral would give the formality map. The rig- 
orous proof of this assertion will be investigated in the future. 

Now we go back to our study of coisotropic submanifolds using this BV formalism 
and give a proof of Theorem 19.41 in this context. We introduce a local coordinates 
system {y'^,q°'\pa) of X in a neighborhood of Y as in section 4. It was shown in 
section 4 that the symplcctic form lu in X can be written as 



-{dp0+p0-^df ) A [dq' - R^dy^) (13.3) 



It is straightforward to derive 



= dps+p,^dy 



= {...,-p,F^,)dy^ -p,^[dq' -R]dy^) 



-Rl{dpi+pf,—fdy') 



The last identity can be rewritten as 

Lb{ei) = LOijdy^ (13.4) 

where we recall to have defined 

dR^ d 
dy^'^^dq' dq' dps' 

Combining these we have derived the following formula for the inverse (w)~^ : 
T*X TX: 

In the canonical coordinates of T[1]X associated (j/*, q" \ Pa), the even Hamiltonian 
H becomes 

H = -{u,, -ppF^W^j^ + ~ i?,V)(x' +P0^^') (13.6) 
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It would be more convenient to write down the Hamiltonian on T*L ^ T[1]X near 
L = (TF)"[1] C T[1]X using the super version of Darboux-Weinstein theorem. We 
denote the (super) canonical coordinates of r*[l]L associated with (y*,?" | Pa) by 

W' 9a I Pa/ 

Here we note that the degree of y', q" and Pa are while their anti-fields, i.e., those 
with * in them have degree 1. And we want to emphasize that L is given by the 
equation 

y* = Pa = = (13.7) 

and {y'-,y*), {pa,qa) {p*:Q") are conjugate variables. Then we have the 
canonical odd symplectic form of degree 1 and associated canonical odd Poisson 
bracket [•,•]* of degree —1. 

It follows from (|13.5|) that we have 



d 
dps 



w (dps+pp-^dy^) = ^ 

and so that H has the form 

H^h:;^^y*y*+piql (13.: 

in the canonical coordinates of T*[1]L. Here we define yf to be 



We then derive 

'-1 



(See H11.2|l in section^Jlater.) which is written as 

oo 

^'<i = T.^pp^F^n{pp.Ff:'') ■ ■ ■ ipp.F^:!D 

in coordinates where a = ppfp- Since H vanishes on L, its Hamiltonian vector field 
Q is tangent to L and so can be canonically restricted to L as an odd vector field 
on L. The odd vector field 

mi = Q |l (13.9) 

acts on 

n—k n—k 
1=0 1=0 

as the corresponding directional derivative and equivalent to djr. 

The general discussions mentioned above then implies that the strong homotopy 
Lie algebroid structure is obtained by expanding H into the series 

H = Y,He, Hi el' 

i=i 
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in the normal direction of L, i.e., in terms of {y* , p"^ , Pa) and use the odd Poisson 
bracket [•,•]. 

Now Theorem 19.41 immediately follows from our general discussions. 
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